ARAB REPUBLIC OF EGYPT 
Ministry of Education and 


Technical Education 
Comtrat Admirentration of Book Affairs 


Student Book XE 4 


poo du$ Upool àd eo)! cli 
eave A P 


First form secondary First term 


Mathematics has Practical applications in various fields including 


road construction, bridges and urban planning and preparing their 


maps which depend on parallel lines and their transversals according 


to the proportion between the real length and the drawing length. 


Elsalam bridge connecting between the two shores of the Suez canel 


2019 - 2020 
ur. Pula y pull y As lE By cJ GS Ga aiu m juna ue 


Issued: 2013 
D.N: 2013 / 14851 
ISPN: 978 - 977 - 706 - 005 - 9 


mS! om SE AU aus 


we are pleased we offer this book to make it clear philosophy that has been in light 

construction of educational material and can be summarized as follows: 

1. To emphasise that the main purpose of these books is to help the learner to solve problems and 
make decisions in their daily lives, and help them to participate in society. 

2. Emphasis on the principle of continuity of life-long learning through work that students gain a 
systematic scientific thinking, and practice learning mixed with fun and suspense, relying on the 
development of problem- solving skills and develop the skills of the conclusion and reasoning. 
and the use of methods of self-learning, active learning and collaborative learning team spirit, 
and discussion and dialogue, and accept the opinions of others, and objectivity in sentencing, in 
addition to some definition of national activities and accomplishments. 


3. Provide a comprehensive coherent. visions of the relationship between science, technology and 
society (STS) reflect the role scientific progress in the development of the local community, 
in addition to focusing on the practice of conscious students to act effectively about to use 
technological instruments. 

4. The development of positive attitudes towards the study of mathematics and aspect of its scientists. 

5. To provide students with a comprehensive culture to use the available environmental resource. 


6. Rely on the fundamentals of knowledge and develop methods of thinking, the development of 

scientific skills and stay away of the details and educational memorization, that's concern directed 
to bring concepts and general principles and research methods, problem solving and methods of 
thinking about the fundamental distinction mathematics from the others. 


We have been especially cautions in this book the following: 

* The book has been divided into integrated and coherent units, for each one there is an 
introduction shows its aims, lessons, a short, and key terms, it has been divided into lessons 
explain the goal of study under the title you will learn", each lesson starts with the main 
idea to the content of the lesson It takes onto consideration, the presentation to the scientific 
article from easy to difficult and includes a set of activities that integrated with other subjects 
and to suit different abilities of students and take into consideration the individual differences 
between them and emphasizes the collaborative work, and integrated with the subject. 

* Every lesson has been presented examples from easy to difficult, it include variety of levels 
of thinking with drills on it under the title of try to solve" and the lesson ends with a title of 
"check your understanding" 

* Each unit ends with a summary of the unit deals with concepts and instructions contained in 

the unit. 

Eventually, we hope getting the right track for the benefits of our students as well as for our 

dearest Egypt hopping bright future to our dearest students. And the God of the intent 

behind, with leads to either way. 
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Algebra relations and functions 


Solving Quadratic Equations in One Variable 


Introduction in Complex Numbers 
Determining the Types of the two Roots of a Quadratic Equation. 


The Relation Between the Two Roots of the Second Degree 
Equation and the Coefficients of its Terms. 


Sign of a Function. 
Quadratic Inequalities. 


Unit Summary 


Similarity of Polygons 
Similarity of Triangles. 
The Relation Between the Area of two Similar Polygons. 


Applications of Similarity in the circle. 


Unit Summary 


whe triangle proportionality.theorems 


3-1 Parallel Lines and Proportional Parts 82 
3-2 Angle of a triangle Bisectors and Proportional Parts 94 
3-3 Applications of Proportionality in the Circle 103 

Unit Summary 112 


4-1 Directed Angle. 116 
4-2 Systems of Measuring Angle. (degree - radian) 124 
4-3 Trigonometric Functions. 131 
4-4 Related Angles 139 
4-5 Graphing Trigonometric Functions 149 


4-6 Finding the Measure of an Angle in terms of 
the value of one of its trigomoetric ratios 153 


Unit Summary 157 
General Tests 


Ww Unit objective 


By the end of the unit, the student should be able to: 
Solve the quadratic equation in one variable 
algebraically and graphically 
Find the sum and the product of the two roots of the 
quadratic equation in one variable 
Find some of the coefficients of terms of the 
quadratic equation in terms of one of the two roots 
or both of them 
Identify the discriminant of the quadratic equation 
in one varsahble. 

Investigate the type of the two roots of the 
quadratic equation in one variable in terms of the 


coefficients of its terms. 


y Key lerm 


Form the quadratic equation in one variable 

in terms of another quadratic equation in one 
variable 

Investigate the sign of a function 

Identify the introduction of the complex numbers 
(Definition of the complex number, powers of i, 
writing the complex number in the algebraic form, 


equality of two complex numbers) 


Solve quadratic inequalities in one variable 


Equation Discriminant of the Equation Imaginary Number 


Root of the Equation Sign of a function 


Coefficient of a Term Complex Number 


Powers of a Number 


Inexpualety 


— f 


Lesson (1 - 1): Solving Quadratic Equations in One 
Variable. 
Lesson (1 - 2): An Introduction in Complex Numbers. 


Lesson (1 - 3x. Determining the Types of the two 
Roots of a Quadratic Equation. 


Lesson (| - 4): The Relation Between the Two 
Roots of the Second Degree 
Equation and the Coefficients of its 
Terms. 


Lesson (1 - 5): Sign of a Function. 
Lesson (1 - 6): Quadratic Inequalities in one unknown 


Scientific Calculator - Squared paper - 
Computer - Graphic Program- Electronic sites 
such as; www.phschool.com 


Algebra is an Arabic word used by Muhamed ibn 
Musa Elkhawareemi ( 9th century AD, in the era 
of the Abbasy kalipha Elmamoon) . In his book 
(Algebra and AlMokabla) which contains the 
genuine ways to solve equation, So Elkawarezmi 
is the founder of algebea after it was a part of the 
calculation. 

The book has been tansimed into European 
languages tiled " Algchea^ and taken from À the 
word "Algebra" And the mot which we symbolized 
W carrently by “r” ( o reference to solve a quadratic 
equation ) Elkawarttm pul Geometric sodutions to 
the quadratic eqeation which match with the way of 
completing the squire. Many Arabic scientists worked 
with solving equations, and the best known is omar 
Elkayvam who comcerned with solving third degree 
yada itis 

h is worth mentioning that, 8 appeared in 
Ahmose papyrus (1860 BC), some of the peoblem that 
solutions refer that Egyptians ad that time have found 
away to find the sum of the terms of an arithenetic and 
geometric sequences. 

Now . Algebra is a large degree of sophistication 
and abstraction, it was dealing with members but now 
M bas to deal wath new mathematical entities such as 
sets . matrices, vectors and so on, It is hopped you - 
our studens - to restore the scientific glory in Golden 
eras through Egypt pharaonic and Islamic eras, Which 
our scientists Carry the banner of progress and flares 
lum fede to the world sides. 
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Mathematics - First form secondary 


You have previously studied algebraic equations in one variable. In this 
lesson, vou will study the algebraic quadratic equations in one variable. 


Now we will show you the previous study of algebraic equations in 

one variable. 

1- Theequation:ax *bzO  wherea £0 is called a first degree 
equation in one variable which is x (because the greatest 
power of the variable x is 1) 

2- The equation: ac * bx «c0  wherea #0 is called a second 
degree equation in one variable which is x (becuse the greatest 
power of the variable x is 2) 

Thes the equation : 2x’ - 3x? + 5 20 is called a third degree equation, 

(because the greatest power of the varible x is 3). 


Equations, relations and functions 

You have previously studied to solve quadratic equation algebraicll y 

by two methods as follows: 

first: — By factorizing the expression ac * bx * c where a, b, and 
ce R, a#0 (If itis possible in Z). 

Second: By the general formula, the two roots of the equation 
ax +bx+c=Oare: x= 333 99€ where ais the coefficient 
of x^, b is the coefficient of x and c is the absolute term. 


Now , you will study how to solve the quadratic equation graphically, 


nn Solving quadratic equation graphically 
— — 
The trinomial ax + bx + c where 


1 Solve the equation: & + x- 620 *^*^*7 

graphically, then check your answer. ys gcn € 
Up Solution coefficients if and only if the 
To solve the equation x? + x - 6 = Q eestin b - 4 ac is a perfect 
graphically, we do the following: aud 
% Graph the function f where fx) = +x 6 
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& Determine the set of x - coordinates of the intersecting points of the parabola and the 


x-axis, then it is the solution set of the equation. 


To graph the function fix) = y y 2.8 6 
From the following table for some values of x, then find the 
corresponding values of v as follows: 


[X |-4-3|-2]-22]0]1]|2]|53| 
|[|6|0/|-/|-6|]-6|-4|]0]6] 


* Plot the points on the perpendicular coordinate plane, 

join them with a smooth curve as in the opposite figure, 
From the graph, we get the x-coordinates of the 
intersecting points of the parabola with the x-axis which 
are x = - 3 and x = 2. Thus the solution set of the equation 
* +x-6=0is (3.2). 


You can use the algebraic solution to compare it with 
the graphic solution as follows: 
the equation: i? € x - 620 
Factorize the trinomial : (x + 3(x—2) 20 
either x «320 ot 1220 
Lex=-3 or x=2, The solution set is (- 3, 2} 
Check: 
when x =- 3: LHS CF +(-3)-6 
z9—3—62z0(R.H.S) 
= - 3 satisfies the equation. 
when x 22: LH.S =(2P +(2)-6 
=4+2-6=0(R.HS) 
x = 2 Satisfies the equation. 


Notice that; 

1- In the previous graphic relation v z i^ + x—-6 

> The relation represents a function because any vertical line 
intersects the curve at one point. 

> The domain is the set of real numbers. 


> The range is |- 63, * 


2- To express the function, use the symbol f(x) in stead of y, and 
is read as function of x. 


Af a and b are real numbers, 
D PEREI] 
then: a e orb 0 


Critical thinking: T- Is every function a relation? explain with examples. 
2- Is it possible to represent the relations and functions by equations? 


explain. 
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& Try to solve 

D Represent the relation y =x- 4 graphically, then find from the graph the solution set of the 
equation x - 4 « 0 and if y = fix), then show that f is a function, and determine its domain and 
its range [Discuss with your teacher]. 


2 Physica; A missile is launched vertically upwards with speed u= 24.5 m/sec. Calculate the 
time elapsed t in seconds such that the missile reaches a height s metres. where s = 19.6m, 
given that the relation between S and t is as follows; S = u t -4.9 t, 


Q Solution 
By substituting : s = 19.6 m, u = 24.5 m/sec in the relation s= u t-49 € 
^ 196=2451-498 Divide both sides by 4.9 


4 =S-r simplify à 
— P-St+4=0 factorize the trinomial . 8 
— 6 00-920 ie t-2lsecortz4sec. 
M4 ow 
Pe 
mentem 


Explanation of getting of two answers: The missile reaches a height of 19.6m after | second, then 
it continues moving up until to reach the maximum height, then it returns to the same height after 
4 seconds from the moment of projection 


© Try to solve 

2 Sports; In one of the olympic games, a racer jumped from a platform 9.8 
metres high above water surface. If the height of the racer above water 
surface is "S" metres after time "t" seconds and determined by the relation: 
S=-4.9r 4 2.45t € 9.8 , then find to the nearest hundredth, when the racer reaches the water 


surface. 


Activil 
Please visit the following links. 


First: Multiple choice: 
D The equation: (x — 1) (x + 2) =0 is of: degree 
A First B second C third D Fourth 
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(2) The solution set of the equation x? =x in Ris: 


A (0) 8. (1) € (nn D (0,1) 
(3) The solution set of the equation x? + 3 O in R is: 

A (3) 8 (-/3) 

€ (/3) D$ 
(4) The solution set of the equation x° - 2r = -1 in Ris: — 

Atl B $ 

(6 C1. 0 D {1} 


equation f(x) = 0 is: 
A (2) B (4) 
co D (-2.4) 
Second: Answer the following questions: 
(6) Find the solution set of each of the following equations in R: 
A 8-120 B 0 € (x-4y 20 
D v. 992 E ~+9=0 F D-10250 


(7) Each of the following graphs illustrates a quadratic function. Find the solution set of the 
equation f(x) = 0 in each figure 


B c 


umm 
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(8) Find the solution set of each of the following equations in & then, and verify the result 
graphically: 


A A 40 B 2 35 
(Char 6-4 D (x-3j-5 
(gi F l! -3 z 
212 F 2* 3 * | 
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6 Solve the following equations in using the general formula then approximate the result to 


the nearest tenth. 

A 39 68280 B N 720 
C 6.66820 D 263-420 
E 56-3-120 F N N 420 


40) Numbers; If the sum of the whole consecutive numbers ( 1+ 2 + 3« ....- nis given by the 
relation S = -$ (1+ n), how many whole consecuti ve numbers starting from the number | and 


their sum equals: 

A78 B 171 C 253 D 465 
41) Each of the following figure shows the graph of a quadratic function in one variable. Find 

the rule of each function. 


VQ CHO NOPQRST 
Divide both sides bs 
m "9 PD 
ee 


Which solution is correct? why ? 

13 Critical thinking; A ball is thrown vertically upwards with a speed u of 29.4 metres 
second. Calculate the time "t" that the ball takes to reach a height "S" metres where 
S = 392m given that the relation between S and t is S = ut - 4.9 t. 
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We have studied different systems of numbers which are : set of natural 
numbers N, set of integers Z , set of rational numbers Q, and set of 
irrational numbers O. finally the set of real numbers R. Any set of 
numbers is an extention to the set of numbers preceding it to solve new 
equations which have no solution in the preceding system, Look at the 
equation: 

x s.l , itis impossible to solve it in R, because there is no real number 
whose square equals "-1* satsifies the equation, thus we need to study 


The figure opposite shows: the graph of 
the function y = ^ from the graph we 
notice that the perabola does not intersect 
the x - axis. there is no real solution of the 
equation x? + | =0 in R this is necessary to 
think about a new set of numbers to solve 
this kind of equations. 


nn Imaginary numbers 


The imaginary number "i^ is defined as the number whose square 
equals (CI) i. e[ 2 - 1 ]and ym = 43 xn =n i, when ne RT 
and the numbers in the form 2i, - Si, V i are called the imaginary numbers 


So, we write {3 23i 
YS = „i and so on 


Critical thinking; If a, and b are two negative real numbers. Is it 


possible that / a y b =a b? explain your answer by giving a numerical 
example. 
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+ imagery Number 
* Comptes Number 


* Sctentiic cakydator 


Integer powers of ; 
The number i satisfies the laws of indices which we studied before , it is possible to express the 


different powers of the number i às follows: 
i =i * P siisi 


f =PxPs-lx-l=] i isi 


Ingeneral:;i"] , ei, j""72.|] , SOs where ne 2 


14 Find each of the following in the simplest form: 


A j* Bie c * D je 
Q Solution 

A GEIE B j"s(i*).P2lx-is-i 

€ „ EA ai D. aie i= bx (if Pe Lx Pei 
© Try to solve 


Find each of the following in the simplest form: 
A i" B) i" C 1 D;" E 1 F i9 


ue Complex number 


The complex number is the number which can be written in the form a + bi f Complex number 
where a and b are real numbers. 


The following figure shows the set of numbers which form a part of the 
system of the complex number. 
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If a and b are two real numbers. then the number z where z =a + bi , is called a complex number, 
where a is called the real part of the complex numer z and b i is the imaginary part of the complex 
number z. 


If b = 0 then the number z = a is a pure real and if a = 0, then the number z = bi is a pure 
imaginary where b # 0 


is Solve the equation 9i? + 125 = 61 
@ Solution 
The equation 9c + 125 =61 
98 + 125- 125=6] -125 add (- 125) to both sides of the equation 


98 =-64 simplify 

* 2 Divide both sides by 9 

x =+ J£ by taking the square root of both sides 

n =+ [Rings $i Definition 
&. Try to solve 
S Solve each of the following equations: 

A 3e4+27=0 B 56424550 C 4£4 100275 

Equality of two complex numbers 
Two complex numbers are equal if and only if the two real parts are equal and the two imaginary 
parts are equal. 


ifta+bi=sc+di then: à ze and bed and vice versa. 


46 Find the values of x and y which satisfy the equation: 2x — y + (x - 2yji = 5 + i where x and 
ye R and i! z-I 
Q Solution 


By equalizing the two real parts and the two imaginary parts then 
2x-yz5 , x-2yzl 


Solve the equations we get x 23. yzl 


* Try to solve 

© Find the values of x and y which satisfy each of the following equations: 
A (2x+l)+4yi=5-12i 
BOnx-3eGye)i27410i 
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nn Operations on complex numbers 


It is possible to use the commutative, associative, and distributive properties to add or multiply 
complex numbers as shown in the following examples: 


47) Find in the simplest form the result of each of the following: 
A (7-4i)+(2+i) 
B (2 +31) (3 -4i) 


A The expression (7-4) +(2+1) 
=(7+2)+(4+1)i Commutative and associative properties 
z9-3i Simplify 
B The expression (2 31 (3 - 4i) 
=2(3—4i) + 3i (3 — 41) Distributive property 
=6-814+9i-127 remove the parenthesis 
=6-—81+91 +12 where i =-1 
= (6+ 12)+(-8+9)i=18+i Simplify 
®& Try to solve 


Find in the simplest form the result of each of the following: 
A (12— 5i) - (7 - 9i) 
B (4-3)(4 3i) 
C (5 63 «2i) 


Conjugate Numbers 

The two numbers a + b i and a — b i are called conjugate numbers 
For example 4 — 3i and 4+ 3i are two conjugate numbers, where: 
1) (4 - 3i) + (4 + 3) = (47 - (NP (the result as a real number) 


-216-9/7216—-9(-1) 225. (The result is a real number) 
2) (4 - 3) (4d + 31) =8 (the result a real number) 
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Critical thinking; 
Is the sum of two conjugate numbers always a real number? explain. 


Is the product of two conjugate numbers always à real number? explain 


(48) Find the values of x and y which satisfy the equation: 


& Try to solve 


By removing the parentheses 

multiply up and down the /.H.S by 3 - 4i 
simplify 

apply the equality of two complex numbers 


19) Electricity: Find the total electric current intensity passing through two resistances connected 
on parallel in a closed circuit, if the current intensity in the first resistance is 5 Zi ampere 
and the second resistance is 2 + i ampere ( given that the total current intensity equals the 
sum of the two current intensities which passes the two resistances) 


The total electric current intensity the sum of the two current intensities passing in the two 
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resistances. 
=(5-3i)+(2+i) 
={5+2)+(-3+1)i 
=7-2i ampere 


© Try to solve 

® If the electric current intensity passes in two resistances connected on parallel in a closed 
circuit equals 6 + 4 i ampere, and the current intensity passes in one of then equals _17_, then 
find the current intensity passing in the other resistance. a 


1 Critical thinking: Find in the simplest form (I- i)". 


Q e— a Y 


(1) Simplify: 

A j“ 8 € i D je 
(2) Simplify: 

4 718 « 4-12 8 3i(-2i) € (-4i)(- 61) D (-2i/(-3iy 
(3) Find in the simplest form: 

A (3+2i)+(2-5i) B (20 4½%½ 9 200 


C (20+25i)-(9-20i) 
(4) Rewrite each of the following in the form a+ bi 


A (2+3i)-(1-2i) B (142) (243i «4if) 
(5) Rewrite each of the following in the form a + b i 
2 asi N 29 Qa à 
a 14 e i e 3.1 p 3.41 


(e Solve each of the following equations: 
A 38-1220 B 4% 2020 € 42.7220 D 25.1520 


D Electricity; find the total current intensity of the electric current passing through two 
resistances connected in parallel in a closed circuit if the current intensity in the first 


resistance is (4 - 2i) ampere and in the second one is B2 ampere 
(8) Discover the error: Find the simplest form of the expression: (2 + 3i (2 — 3i) 


Abumed's answer 


(Q3) + 32 - 31) (2 + 3112-31) = (4 + 972 - 3i) 
= (2+ 3i) (4-92) =(4-9\2-3i) =-5(2-3i) 

= (2 + 3i) (4+ 9) = 13(2 4 3i) =-10+15i 

=26+39i 


Which solutions is correct ? Why? 
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You will Learn 


+ how to determine the type of 


You have previously studied to solve the quadratic equation in One me two mots o the quadatie 
variable in R, and you have known that a quadratic equation has two — *w 

roots or a unique repeated solution, or there is no solution. Is it possible 

to find the number of roots (solutions ) of the quadratic equation in R 

without solving it? 


uE Discriminant 


The two roots of the quadratic equation a + bx + c = 0 where a # 0 
anda, h. G e & 


Dae . „Aa 
Are: — lr Key - Terms 
and the two roots contain the expression y b'-4ac . 
the expression b^ — 4ac is called the discriminant of the quadratic equation ^ 
and is used to determine the type of the two roots of the equation. : 


7 
k 


(1) Determine the type of the two roots of each of the following 
equations: 


A 584x720 B &8.2««1z0 
C€.8245:- 3020 


Q Solution Materials 
To determine the type of the two roots: 
A az$,bzl,cz-7 — CM 
the discriminant = b? - dac 
z1-4«5(-7)2 141 
the discriminant is positive, there are two real different roots. 
222 I. b 2. e 
the discriminant = b? - 4ac 
4 4 10 
the discriminant equals zero, the the two roots are real and equal. 
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Sa bs c= 30 the discriminant = b° - 4ac 
= 25 4 1 30 = 95 
the discriminant is negative. there are two complex non real and conjugate roots. 


Notice that 


& Try to solve 

D Determine the type of the two roots for each of the following equations : 
A 668 9 B 12-48 29 
€ x(x-2)=5 D xix 5) 22-7) 


(2) Prove that the two roots of the equation 2x? — 3 x + 2 = 0 are complex and not real, then use 
the general formula to find two roots roots. 


@& Solution 

 a=2,b=-Jande=2 
the discriminant = b? —4ac +. the discriminant = (- 3 —4*2*2=29-162-7 
the discriminant is negative ^C there are two complex roots and not real 


The general formula: v= -bivb-4ac — 
x= N = 27 a 
2x2 4 
The two roots of the equation are: 2 + 77. i and ERAT 
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Critical thinking: If the discriminate is negative, is it necessary that the two roots of the quadratic 
equation in the set of complex numbers are conjugate numbers? Give an example to explain 


& Try to solve 
D Prove that the two roots of the equation 7:8 — 11x +5 = 0 are complex, then use the general 
formula to find those two roots. 


Cy If the two roots of the equation x + 2(k — 1) x +9 = are equal, then find the real values of K 
and check your answer: 


©& Solution 
b? -4ac =0 check: when k 2 4 
Ak-1)-4*1*920 the equation becomes: K + 6x« +9=0 
46 84 3220 and it has two equal roots which are: -3, 3 
e-2k-8=0 check when & = -2 
(k - 4k -2)20 the equation becomes; * M «9-0 
k=4ork=-2 and it has two equal roots which are: 3.3 
® Try to solve 


a If the two roots of the equation x? — 2kx + 7k — 6x + 9 = O are equal , then find the real values 
of K and then find the two roots. 


First: Multiple choice: 
(1) The two roots of the equation x — 4x + k = 0 are equal if: 
A k-l Bk=4 C k=8 D k=16 
(2) The two roots of the equation x - 2x + M = 0 are real different if : 
A M-I B MM C M D M-4 
(3) The two roots of the equation Lx? — 12x + 9 = 0 are complex and not real if : 
AL<4 BL>4 € L-4 DL-I 
Second: Answer the following questions: 
O Determine the number of roots and their types in the following quadratic equation: 
A 520 B 3 loc 420 
€ £-10*2520 D 6rP-19r+35=0 
E (x-11)-x(x-6) 20 F ix- 1) (e=7) =2(x-3) ü-4) 
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‘Ss Find the solution of the following equations in the set of complex numbers using the general 


formula. . 
A 2 * 520 B 26.6520 
C 3x°-7x+6=0 D 40 K 0 


(6) Find the value of K in each of the following cases: 
A If the two roots of the equation «è+ 4x + K = O are real different. 
B If the two roots of the equation x? — 3x + 2 + = O are equal. 
C If the two roots of the equation K x^ — 8x + 16 = O are complex and not real. 


(7) If L and M are two rational numbers, then prove that the two roots of the equation: 
Lic + (L-M) x - M = O are two rational numbers 


6 Population of Egypt in 2013 is estimated by the relation: 
Z=n + 1.20 +91 where (n) is the number of years and (z) is the number of populations in 
millions. 
A What is the population in 2013? 
B Estimate the population in 2023. 
C Estimate the number of years at which the population will be 334 million. 
D Write a report showing the reasons for which the population is increasing and the way 
of its treatment. 


(9) Discover the error; What is the number of solutions of the equation 26 -6 x= 5 in R 


The discriminant i Le al dive: then hen there 
—— QN 


10 If the two roots of the equation & + 2 (K - 1) x + (2K + 1) =0 are equal, then find the real 
values of K , and the two roots. 


41) Critical thinking: solve the equation 36x! — 48x + 25 = 0 in the set of complex numbers. 
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qnie 


We know that the two roots of the equation 41° — 8r + 3 =O are $ and 3. 


Sum of the two roots 2522822 
Product of the two roots 3 34 


Is there a relation between the sum of the two roots of the equation 
and coefficients of its terms? 
Is there a relation between the product of the two roots of the equation 
and coefficients of its terms? 


nn Sum and product of two roots 


The two roots of the quadratic equation ax’ + bx + c = 0 are: 
-ba b*4ac . b*- 4ac 


2a 2a 
let the first root be L and the other root be M then : 


L«Mz cR (Prove that) LM= (Prove that) 


Oral exercise In the quadratic equation ax? + bx + c = 0 
find L € M and L M in each of the following cases: 


A fasi B ifb=a 


(1) Without solving the equation, find the sum and the product of the 
two roots of the equation: 2r + 5x - 1220 


c lfazc 
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1-4 


You will Learn 


+ How to find the sum of the 
tw roots of a geven quadratic 
equation. 

* How to find the product of tfe 
two mors. 

+ Finding a quadrat equation 
in terms of another quadratic 
exuation. 


Key - Terms 


* Sum of Two Roots 
* Product of Two Root 


* Sctentiic calculator 


& Try to solve 
1 Without solving the equation, find the sum and product of the two roots in each of the 
C (2x -3(c:«2) 20 


following equations : 
A 2841-620 B 3286223«-30 


2 If the product of the two roots of the equation 2 - 3x + k = 0 equals |, find the value of k. 


then solve the equation. 
@ Solution 
product of the two roots = 4 opel ok 22 
az2,bz-34cz2 
The general formula: * = -b+¥ b^4ac 
2a 
23: Du. = 3t478 L. 34471 
4 4 
na T eae 


The solution set of the equation is 12 


e Try to solve 
(25 If the product of the two roots of the equation 3x? + 10x- c = Ois 3.. find the value of c, then 
SOA. find the value of h. then 


solve the equation. 
(3) If the sum of the two roots of the equation 2i? + bx - 
solve the equation. 
3) If (1 + i) is one of the roots of the equation x? - 2x+q=Owhere ge R , then find: 
A The other root B the value of a. 
@ Solution 
821,bz-2,c24 
a 1+i isone of the two roots of the equation 
<. the other root 2 1| -i because the two roots are conjugate and their sum = 2 
B product of the roots = a 
< (+i) -sa 
stel =a 
a =2 
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Relation Between the Two Roots of the Second Degree Equation and the Coefficients of its 


® Try to solve 
(a If (2 + i) is one of the roots of the equation x -4 x + b= O. where be R then find: 
A the other root. B the value of b. 


ue Forming the quadratic equation whose two roots are known 
Let L and M be the roots of the quadratic equation: ar *bx*cz20,a70 
Dividing both sides of the equation by a: nx ex e. n0 
ie. e-(2)x++ <0 

‘+ Land M are the two roots of the quadratic equation . L+M=-- , LM -S- 
^, The quadratic equation whose roots are L and M is: SETS 


4 Form the quadratic equation whose two roots are 4 and -3 . 

Q Solution 
Let the two roots of the equation be / and M 
vVL*Mz4ts(-321,LMz4(-3)2- 12, 
he quadratic equation formula is: à —(L + M} x + LM x0 
^. The equation is: x'-x-1220 


(5) Form the quadratic equation whose two roots are: x and zt 


@ Solution 
Let the two roots be L and M 


2-i 2+) 5 
L+M =2i-2i=0 
LM =2ix-2i=-4? =4 
he quadratic equation whose two roots are Land Mis: w-(L+M}x+LM=0 
oP +420 


M >24, Bel -10 2; 


É Try to solvo 
8 Form the quadratic equation in each of the following given its two roots: 
A 3,5 B -9i, 9i e 3,3: 
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Critical thinking: the figure opposite represents a set of parabolas 
of some quadratic function which each of them passes through the 
points (0, -2) , (0, 2). 

Find the rule of each function 


Forming a quadratic equation from the roots of another 
equation 


6 If L and M are the two roots of the equation 268 —3x— 1 =0, then 
form the quadratic equation whose roots are L* and M?, 


@ Solution 
The given equation: by substituting az22,bz-3cz.l: 
L+M= 2-23LMe-1 


The required equation by substituting + M = 3, LM =- Tin the formula 
SED *M's(L-MY-2LM =(5 sy -2 (- » 


9 9,4. 13 
SRM 


CUM! s(iL MY FM MY -2NM | 
(L- MP = UL + MP - 4LM 

t EL =} 

= CM? C= 


By substituting in the formula of the quadratic equation: 
XV- ee eee e lla 
E. 1 74 1-0 Multiply both sides of the equation by 4 
NM REN CR 4xr-l3x+420 
® Try to solve 


© In the previous equation 28 — 3x — | =0, form the quadratic equations whose each of its two 
roots are as follows: 


att 85.4 C L«M.LM 


CD) In each of the following, form the quadratic equation whose two roots are: 
A B 5/3,2/3 C 34/2i1,3-./2 i 


13 
(2 If L and M are the two roots of the equation x? + 3x -5 . then form the quadratic equation 
whose roots are L7, M. 


Mathematics - First form secondary October Engineering Press 


Relation Between the Two Roots of the Second Degree Equation and the Coefficients of its Tes 


First: Complete each of the folowing: 

(1) if x = 3 is one of the roots of the equation x? Mx - 27 = O. then M = and 
the other root is 

(8) If the product of the two roots of the equation : 2.2 + 7 x 3K =0 equals the sum of the 
two roots of the equation: x* - (K + 4) x = 0, then K = 

(3) The quadratic equation which each of its two roots increases. | than each of the two roots of 
the quadratic equation i! - 3x «2201s 

(4) The quadratic equation which each of its two roots decreases | than each of the two roots of 
the quadratic equation x - 5 x +6 =0 is 


Second: multiple choice 

(5) If one of the two roots of the equation x° - 3x + c = O is twice the other, then c= 
A4 B 2 c 2 0 4 

6 If one of the two roots of the equation ar — 2 20 is the multiplicative inverse of the 
other, then a = 
Al Bi c 2 LE 


(7) If one of the two roots of the equation c (b — 3) x + 5 = 0 is the additive inverse of the 
other, then b = 
A-5 B.i c3 D5 

Third : Answer the following questions 

(8) Find the sum and the product of the two roots in each of the following equations: 
A 328*19x-1420 B 4 4520 


(9) Find the value of a , then find the other root in each of the following equations: 
A If xz2-1 is one of the two roots of the equation 24 23280 
B If:xz2 is one of the two roots of the equation a 2 

10 Find the values of a and b if: 

A 2and 5 are the two roots of the equation x? + à x * bz 0 

B -3 and 7 are the two roots of the equation ar - b x - 21 20 
fand 2 are the two roots of the equation ax? - b=0 

D „ai and - /3i are the two roots of the equation i? «ax « be 0 
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1 Investigate the type of the two roots in each of the following equations, then find the solution 
set of each equation: 


A N 3820 B N72 
C wx-4)+5=0 D 343 -8):1620 
12 Find the value of c, if the two roots of the equation c x? — 12x + 9 = O are equal. 


is Find the value of a, if the two roots of the equation 2° — 3x + 2 + -L = 0 are equal. 


14 Find the value of c, if the two roots of the equation 34° — 5 x + c = 0 are equal, then find the 
two roots. 


45 Find the value of K, if one a root of the equation x? + (K - 1) x- 3 = 0 is the additive inverse 
to the other root. 


46 Find the value of K. if one root of the equation 4 K x° -7 x + K? - 420 is the multiplicative inverse 
to the other root. 


47) Form the quadratic equation whose two roots are: 
4 2.4 B 5751 ci: 
1- 3i, 1 + 3i E 3-242i .3«242i 


48 Find the quadratic equation in which each of the two roots is twice one of the roots of the 
equation 28 - &x« 520 


19) Find the quadratic equation in which each of the two roots exceeds | than one of the two roots 
of the equation : à - - 9 


(20 Find the quadratic equation in which each of its two roots equals the square of the 
corresponding root of the equation: * + à - 5230 


(21) If Land M are the two roots of the equation x? — 7 x + 3 — 0, then find the quadratic equation 
whose roots are: 


A 2L.2M BL+2M+2 C22 D L+M,LM 


Mathematics - First form secondary October Engineering Press 


22 Areas; the dimensions of a rectangular piece of land are 6 and 9 metres, it is required to 


double this area by increasing each dimension with the same distance: Find the additional 
distance. 


23 Critical thinking; Find the values of c in the quadratic equation 7 x? + 14 x + c = 0 such that 
the equation has: 


A two real different roots. 
B equal real roots. 


© two complex non-real roots. 


Discover the error; If L+ 1 and M + | are the roots of the equation x? + 5x + 3 2 then find 
the quadratic equation whose roots are L and M. 
yousof s Answer Jo = 


—̃ f 


25) Critical thinking; If the difference between the two roots of the equation + K+ 2K = O equals 
twice the product of the two roots of the equation x! + 3 x + K =0 then find the value of K. 


Student book « First term 


You will Learn 


* investigate the dign of; 
constant function - Linear 


function ^ Quadratic function, 


Key - Terms 


* Sign of à function 
* Constant Function 
* Linear Functios 

* Quedeatic Function 


© Scentify Calcutta 


qno 


You have studied before the graphic representation of a linear and 
quadratic functions, and recognized the general figure of the curve of 
each function, can you investigate the sign of each of these functions? 
We mean by investigating the sign of the function to determine the 
values of the variable x (domain of x) at which the values of the 
function f are as follows: 


Positive, means fx) >o 
negative, means fiy <0 
equal to zero, means fiy=0 
First: Sign of the Constant Function 


Sign of the constant function f where fix) = c (c O is the same as 
the sign of c v x € R. 
and the following figure shows the sign of the function f. 


the function is positive v x n the function is negative v x € R 


(1) Determine the sign of each of the following functions: 


A fix)=5 B fix)=-7 

LEWCEI ^. Sign of the function is positive V xe R 

B fix) <0 ^". Sign of the function is negative v x € R 
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É Try to solve 
1 Determine the sign of each of the following functions: 
LECLE- B fix) =3 
Second: Sign of the Linear Function 
the rule of the function fisfix)=bx+e ,b#0 = when fix)=0 
and the following figure shows the sign of the function f. 


(2) Determine the sign of the function f where f(x) =x- 2 and represent it graphically: 
Q Solution 

The rule of the function: A90zx-2 
Drawing the graph of the function: 

when f(x) =0 then x=2 

when x 2 0 men f0)2-2 


From the graph, we get: 
> The function is positive when x > 2 


> The function fix) = 0 when x 2 2 
> The function is negative when x < 2 


& Try to solve 
(2) Determine the sign of the function fix) = - 2x — 4 and represent it graphically. 
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Third: Sign of the Quadratic Function. 
To determine the sign of the quadratic function f, where fx) = ax + bx + c 


We find the discriminant of the equation ex^ + bx + e = 0 if: 
First: b? —4ac > O then there are two real roots L and M of the equation, and let L < M, then the 
sign of the function is as in the following figure: 


(3) Represent graphically f, where f(x) = x^ — 2x — 3, then determine the sign of the function f. 
@ Solution 
By factorizing the equation: :&-2x- 320 FEENS DEEE 
(x-3) +l)=0 
Then the two roots of the equation are: -1,3 


From the graph , we get: 
> fix) > Owhen x € & - [|- 1, 3] 


> fix) < Owhenx € | - 1. 3] 


> fi) =O when xe (- 1,3) 
& Try to solve 
G Represent graphically f, where fix) s x? — x + 6, then determine the sign of the function f. 


Mathematics - First form secondary October Engineering Press 


Second: If: /? — 4ac < 0, then there are no real roots and the sign of the function f is the same as 
the sign of the coefficient of x, and the following figures show that. 


@ Solution 
the discriminant (h 4 ac) = (-4} -4« 1*5 
=16-20=-4<0 

thus, the equation x^ — 4x + 5 = 0 has no real roots 

Sign of the function is positive v x € R 

(because the coefficient of i? > 0) 

© Try to solve 

@ Represent graphically f, where f(x) = — x°- 2x — 4, then 
determine the sign of the function f. 


Third: If: $? — 4a c = 0, then there are two equal roots of the equation, let each of them equal L, and the sign 
of the function f is as follows: 
> the same as a when x # L > fix) =Owhen v= £L 


the following figures show that. 


If:a <0 
NY OVA. fix) «0v x£L, 
foo 20 whenx e L Ax) =O when = 
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(8) Represent graphically f where fix) = 4.7 — 4x + 1, then determine 
the sign of the function f. 


Q Solution 
The discriminant ( 4ac) = (-4? -4 4 
= l6- l6=0 
Thus, the equation 4c — 4x + | z 0 has two equal roots. 
By factorization: (2x - IF =0 


Put: 2-150 then x 5 7 
fix) > Owhen x 4 i $ fix) 0 when x e 3 
É Try to solve 


5 Represent graphically f. where f(x) = — 4.68 — 12x — 9, then determine the sign of the function f. 


(6) Prove that: for all values of x & R. the two roots of the equation 2i - kr + k - 3 O are real 
different. 
Q Solution 
The discriminant (b*-4ac) = (-ky - 4x 2x (k - 3) =k’ - 8k + 24 
The two roots of the equation are real different if the discriminant is positive. 
Investigate the sign of the expression y =k? - Sk + 24 
The discriminant of the equation k^ - Sk + 24 = 0 is: 
(-8P -4«1«24=64.96=-32<0 


Thus the equation K* 8k+24=0 has no real roots 

-. Sign of the expression y=k’-8k+24 is positive Y k € R(why)? 
Then the discriminant of: 28.kx*k-320 is positive Y x € R 

^. The two roots of the equation 2 -kr+k-3=0 are real different Y x € R 


(1) Determine the sign of cach of the following functions: 
A NN B fix)=4-x c HNA 4 
o A = E A ATA F fix)=3x-2e+4 
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e Exercises (1 - 5) 


First : complete each of the following: 
(1) The sign of the function f, where f(x) = - 5 is in the interval 
(2) The sign of the function f, where f(x) =x? + 1 is in the interval 


(3) The sign of the function f, where f(x) = x! — 6.x + 9 is positive in the interval 

(4) The sign of the function f, where f(x) = x — 2 is positive in the interval 

(8) The sign of the function f. where f(x) = 3 — x is negative in the interval 

(6) The sign of the function f, where f(x) =- (x — 1) (x +2) is positive in the interval E 
(T) The sign of the function f, where f(x) & x! + 4 x is negative in the interval 


8 The figure opposite represents a first degree function in x: 
A The function is positive in the interval 
8 the function is negative in the interval 


(9) The figure opposite represents a second degree function in x: 
A fix) =O whens 5. 
B f(x) <Owhen x3 


© fix) ohen x 3 
SHER: EEEL 
IJ) I 
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Second: answer the following questions: 
10 In exercises from A to N , determine the sign of each of the following functions: 


A f(x) 22 B f(x) =2r 

C f(x) =- 3x D fix) =2e4 

E fix) =3-26 F HU = 

G 2 u NN 4 

I == G-) 
K f(x) 2(2x-3y L fi)sx-x-2 

M NS 16 N fi)z-4x 10-25 


1 Graph the curve of the function f(x) =x" — 9 in the interval | 3. 4 |, hence determine the sign 


of fix). 

12 Graph the curve of the function fix) = 24 Ain the interval [- 3, 5]. hence determine 
the sign of f(x). 

(43) Discover the error: If f(x) =x + 1, g(x) = 1 — then determine the interval at which the two 
functions are positive together. 


Which of the two answers is correct ? illustrate each of the two functions graphically and check 

your answer. 

14 Gold mines: The production of a gold mine from 1990 to 2010 estimated in thousand ounce 
was determined by the function f : f(n) = 12 n? - 96 n + 480 where "n" is the number of years 
and f(n) is the production of gold 
First: Investigate the sign of the production function f. 

Second: find the production of the gold mine (in thousand ounce) in each of the two years 
1990, 2005. 
Third: In which years, the production of the gold was 2016 thousand ounce? 
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You will Learn 


qnie ANN 


You have studied before the first degree inequality in one variable , and — " one arable. 
you have known that solving the inequality means, finding all values of 

the unknown which satisfy this inequality, and is written in the form of an 

interval. can you solve the second degree inequality in one variable? 

Notice that: 

X -x-2 isa second degree inequality as shown in the figure opposite 

while fix) 2x! - x -2 

is the quadratic function related with this inequality. 


From the figure opposite, we get: Key - Terms 
> The solution set of the inequality 22221 

x-x-2»0in&R — 

is K. I. =] 
> The solution set of the inequality 

2 inis 1. 2] 
nn Solving the quadratic inequality in one variable 

— — 
(1) Solve the inequality: à? — 5x—6 > 0 — 
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Q solution 
To solve the inequality, we do the following steps: 


Step (1): We write the quadratic function related to the inequality as follows; 
fix) =x -5x-6 


Step (2): We study the sign of the function f where fix) = x - 5x - 6, and represent it on the 
number line by putting f(x) = 0 
x-5x-620 4 60 
x=6 or xz-1 


Step (3): We determine the intervals which satisfy the inequality x - 5x - 6 > 0 


Then the solution set of the inequality is: ]-» . U J6 .»[ 


* Try to solve 
i) Solve each of the following inequalities: 
A e+2r-8>0 B W420 


2 Solve the inequality: (x + 3} €10— Xx + 3). 


Q Solution 
E (x +3P € I0— Xx 3) 
^na -6c«9€10-3:-9 
Soxy-9:r-48*X0 
The equation related to the inequality is: y 49:820 
By factorization into factors: (x € 8x * 1)z0 
The solution set of the equation is: {-8,- 1} 


* The following number line shows the sign of the function Jlr) =x + 9x +8 


-2 -M 10-9 32 7 + 8 4 - 


Then , the solution set of the inequality is: |- 8, - 1] 
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& Try to solve 
(2) Solve the following inequalities: 
A 581212 44 B GA 4 3x4+3)-1020 


D What is the difference between the quadratic equation in one variable and the quadratic 
inequality in one variable? 


(2) What is the relation between investigating the sign of the quadratic function and solving the 
quadratic inequalities in one variable. 


(3). Discover the error: Find the solution set of the inequality (x I 4(2x - 1} 


Yousef's solution Nour's solution 
vox I? «42x - 17 (IP € AQx - 1 
Xx l <2(2x— 1) taking the square i 7 
cai io baik dins ^x 2x41 < lace - Il6x-4 
Avex e241<0 ^ 15° [8432 0 


— -3x+3 <0 The equation related to the inequality is: 
The equation related to the inequality is: ^ 35x- Dx- 1) 20 
-3x+3=0 i 1 
the solution set (1) The solution set is (1, =} 
Ao 


x 


* investigating the sign of the * Investigating the Sign of the 
function f where function f where 
fix) = -3x+3 fl) = 15.2 - 18:43 
We get: We get: 
The solution set of the inequality is II. =| The solution set of the inequality is 
* I. 1 


* 


Find solution set of the inequality: 
(x *39«10-3(x 43) 
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2 150 

2 20 

4 * 54 

©) (x-2)(x-5) <0 
(8 x(x+2)-3<0 
G 25K 8 
O S 2K 
69 

10 04 
41) 4 480 


12 4 0 


Find the solution set of each of the following quadratic inequalities: 
1 20 


For more exercises, please visit the website of Ministry of Education. 
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1 Solve the equation: ic hy +c = 0 where a, b ce Ba 4 


2 Investigating the type of the two roots of the quadratic equation 
The expression (b? — 4ac) is called the discriminant of the quadratic equation which shows 
the type of the. two roots of the equation and its number of solutions as follows: 


* (bP -—4ac)>0 there are two real different roots, 

* „ -4ac=0 There is a real root . 

* b-4ac <0 There are two complex and not real roots. 
3 Complex numbers: 


The complex number is that number which can be written in the form a + b i, where a and 
b are two real numbers, b i is the imaginary part, the following table shows the positive 
integers power of /: 


Equality of two complex numbers: if: a+ bi M thenascbsd 


Properties of operations: You can use the commutative , associative and distributive 
properties when adding or multiplying the complex numbers. When we add or subtract the 
complex numbers, we add the real parts together, and the imaginary parts together. 


Two conjugate numbers: The two numbers a * bí and a-b i are called two conjugate 
numbers, where their sum is à real number and their product is also a real number. 
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— | 


Unit summary 
sum and product of the two roots of the quadratic equation: 

If the two roots of the equation ax? + bx c = O are Land M then: L + M => and L M = 
s Forming the quadratic equation in terms of its two roots: 

If L and M are the two roots of the quadratic equation, then the quadratic equation is in the 

following form: 

* (x-Lix-Mis0 

* IfL+M=-— and LM » S. then the equation is U (L+M)x+LM=0 


o Investigating the sign of the function: 
* Sign of the constant function f, where fix) = c (c # 0) is the same as the sign of c v x € x. 
* The rule of the linear function f where f(x) = bx +c and b #0 
then x = - $ when f(x) = 0, the following figure represents the sign of the function f. 
in opposito to Mor sig. ie same aen the sign 


fa) wf the corfficumt of 1 wf the gie ent wf x 
^ | = : 252 
— 2m — 
X * 
* To determine the sign of the function f, where f(x) = ax? + bx + c and a 0, we find the 
discriminant. 


* If: b —4ac > 0, the sign of the function f is determined according to the following 


figure: 
h the sanse ae i» the samer we 
the sign of the (J) ts apposite tir the sign (J) Me sum wf the 
fix) cmefficiant of x al the enelficiont «f 5^ cf Tecien of 1* 


* If: P- 4ac = 0, then there are two equal real roots and let each of them be L, the sign of 
the function f is the same as the sign of a when x # L and f(x) =O when x s L 


* = If; & —4ac < 0, then there are no real roots and the sign of the function f is the same as 
the sign of the coefficient of x". 
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7 Solving the quadratic inequalities in one variable: 
To solve the quadratic inequality, we follow the following steps: 


1- Write the quadratic function related to the inequality y = f(x) in the general form. 


2- Study the sign of the function f related to the inequality and represent it on the number 
line. 


3- Determine the solution set of the inequality according to the intervals which satisfy it. 


Please visit the following links. 
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By the end of the unit, the student should be able to: 
Revise what he / she has previously studied in 
preparatory stage on similarity. 


Recognize similarity of two polygons. 

Recognize and prove the theorem (if the length of 
the corresponding sides...) 

Recognize and prove the theorem : ( If the measure 
of an angle of a triangle ...) 

Recognize and prove the theorem ; ( the ratio 
between the areas of the surfaces of two similar 
triangle 


Key - Tern 
Sante Serrelar feat 
Proportion Corresponding Safes 
Morvan of a Angle C= t Anges 
Length Regu Polygon 
^a Quiniatesal 
Coons Product Peetagon 
tem- . Awom 
Mean Perimeter 
uuw Potygam Area of polygon 


Recognize and deduce the fact: ( Any two similar 
polygons can be divided into...) 


Recognize and prove the theorem :; ( the ratio 
between the areas of the surfaces of two similar 
polygons...) 

Recognize and deduce the well known problem ; | 
If the two lines containing the two chords in a circle 
are intersecting at a point then ... ) and vice versa 
am! corollaries on it 


Chord 

Secam 

Tangent 

Lets / 

Common External Tangent 
Common mtema! Tangent 


Concerns Ordes 


Serelarity Eto 


the 


Lesson (2 - 1): Similarity of Polygons. 
Lesson (2 - 2): Similarity of Triangles, 


Lesson (2-3): The Relation Between 
the Area of two Similar 
Polygons. 

Lesson (2 - 4): Applications of Similarity 
in the circle. 


P Materia 


Computer - projector - graphic programs 
squared paper - Mirror - Measuring 
tools - Calculator 


m À 


v Sree Hislor 


When construction on a piece of land, we need to 
do a sketch of the building. It is obvious that you 
can not do this sketch on a piece of paper to be 
congruent to the piece of land but we have to work 
on a small image similar to the original building. 
It could be done by taking a suitable scale for this 


minimization and measurements of angles on the 
drawing. So that they equal to their corresponding 
angles in the original building. If you think about 
the shape shown at the top of the page, you will 


notice that the nature is full of forms containing “relation between penmeters of two e o 


selation between Areas of two similar polygons |“ 


* 


patterns repeat themselves at various scales, such 
as the leaves of a tree, flower head of cauliflower, 


and meanders see coast. 


The notice of these repeated. patterns led to the 
emergence of a new architecture for nearly 40 
years, interested in self- study of shapes and 
summary that repeated irregular. It has been called 
fatafeet architecture or fractal engineering and it 
will be studied in the next stages of education, 


Learning tools 


^ Compute 


^ projector 


» Gapi programe 


^ uere paper 


© Measuring Tools 


» Calcifator 
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the figure opposite shows 
the polygon ABCD, and its 
image ABCD by geometric 
transformation. 9 


A Compare the measures of 
corresponding angles: 


ZA, LA - ZB, ZB’ 
LL, CC - ZD ZD' 
What do you deduce? 

B Find the ratio of the lengths of the corresponding sides lengths 


AB BC CD DA 
O "AB' BC' CD' DA’ 


When the polygons having the same shape and different in lengths of 
sides, then they are called similar polygons. 


What do you notice? 


Similar polygons 


CFC 
Notice that. 
t- In the figure shown in "think and discuss" we get; 
A Corresponding angles are congruent: 
ZLNBZZA. ZEBZSB 
4202a2ZcC, gens 
B Lengths of corresponding sides are proportional: 


Thus, we can say that figure A'B'C'D' is similar to figure ABCD 


2- We use the symbol (^) to denote similarity of two polygons and 
write them according to the order of their corresponding vertices 
to make it easy to write the proportion of corresponding sides. 
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If polygon ABCD ~ polygon XYZL then: 
AJZA2ZX.ZBsZY.ZCsZZ.ZDzZL 


A B c 
B AB. BC . CO _ DA , Ky (similarity ratio), K #0 | | | 
Li Y 2 


xY YZ zL LX 
The scale factor of similarity of polygon ABCD to polygon XYZL 


equals K, and scale factor of similarity of polygon XYZL to i ba. 
polygon ABCD equals x 


(1) In the figure opposite: polygon ABCD ~ polygon EFGH. 


re oO 


A Find the scale factor of similarity of ot à 
polygon ABCD to polygon EFGH. d G 
B Find the values of x and y. A | 
Q Solution . 
"^ polygon ABCD ~ polygon EFGH A B 


then: £8 = EG = Gn = pe 7 similarity ratio, 


É Try to solve 
® Show which of the following pairs of polygons are similar. Write similar polygons in 
order of their corresponding vertices and determine the similarity ratio. 


A B Som E " 
D ^ 
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Think 
Are all squares similar? Are all rhombuses similar? 


4- 


Are all rectangles similar? Are all parallelogrames similar? Explain your answer. 


Notice that 
For two polygons to be similar, the two conditions must 


be satisfied simultaneously, and the fulfilment of one of polygon m, = polygon m, 


them only is not sufficient. 
If two polygons are congruent, then they are similar (polygon 
M, ~ polygon M,) and the scale factor is then equal I. and 


two simialr polygons need not be congruent (polygon M, = 
polygon M,) as in the figure opposite. 


If each one of two polygons is similar to a third 


polygon, then the two polygons are similar 

If polygon M, ~ polygon M,. «> 
polygon M, ~ polygon M, 

then: polygon M, ~ polygon M, 


Any two regular polygons having the same ^ 
number of sides are similar. Why? 


— ; 


2 


In the figure opposite: ^ ABC — ^ DEF, E ILL d 
DE=8em , EF=%m, FD-l0cm A e 
if the perimeter of A ABC = Sem. 
A. a 


Find the side lengths of A ABC. 
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+ A ABC ~ A DEF 
ot A ABC - à 
AEE B= AEE eee (Prportes of proportion) 
AB BC A ĝt 
and: =" 245727 
„ABS H = 24cm , BC =9«3=27, CA=10«3=30em 
Notice that: 
perimeter of M Torr EST d 
If polygon Mv oiai TT ee ratio (scale factor) 
® Try to solve 


L 
+2 
2 In the figure opposite: x 
polygon ABCD ~ polygon XYZL 
A Calculate m (.^ XLZ). length of AD 
c oan 
z EE Y 


B |f the perimeter of polygon ABCD = 19.5em 
find the perimeter of polygon XYZL. 


Similarity ratio of two polygons 


K be the similarity ratio of polygon M, to polygon M, 
i: Kol then polygon M, is an enlargement of polygon M, 
OSK then polygon M, is a shrinking of polygon M, 


K=! then polygon M, is congruent to polygon M, 
In general: you can use the similarity ratio in calculation of the dimensions of 
similar figures. 
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Exercises (2 - 1) 


(1) Show which of the following pairs of polygons are similar, write the similar polygons 
in order of their corresponding vertices and determine the scale factor of similarity (side 
lengths are estimated in centimetres), 


A) L K B F4 ^ 
D A M ? 10 a 
» 
=. ike TET : 
2 av y C B lo 
X Cc 
c c g D: 144 X D 17 A 
> 2 
8 “a” 4 an > à 
E D 
Z 3% y 
m * Ec a 
F 


2 If polygon ABCD ~ polygon XYZL, complete: 


AB 
e Pey NT. o Perimeter of polygon 
-- LX Perimeter of polygon 3 


3 Polygon ABCD ~ polygon XYZL, If AB = 32cm, BC = 40 cm, XY = 3m - | and 
YZ = 3m |, Find the numerical value of m. 


4 The dimensions of a rectangle are 10cm and 6cm. Find the perimeter and the area of 
another rectangle similar to it if: 


A Scale factor equals 3. 


B Scale factor equals 04 
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(5) In each of the following figures, polygon M, ~ polygon M, ~ polygon NM, 
Find the scale factor of similarity of each of polygon " polygon * w.rt noe M. 


„ um He 


4 


(6) The following three polygons are similar. Find the numerical value of the symbol used. 


* oF 
* ^ 
4 r 
tem» * 
Wem 


(T) Activity; the length of a golden rectangular box is 16.2cm. Calculate the width of the box 
to the nearest centimetres, 


(8) Two similar rectangles, the dimensions of the first are 8cm, 12cm and the perimeter of the 
second is 200cm. Find the length of the second rectangle and its area. 


the figure opposite shows the floor plan of a house with a 
drawing scale | : 150, Find 


A The dimensions of the reception. 
B The dimensions of the bedroom. 
C Area of the living room. 


D Area of the floor's house. 
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* Properties of the perpendicule 
diam bem the vertex of the of pharaohs asked 
night angle to the ypotemse of the mathematician 
the right angled tangle 


Key-terms 


* Postulate! Awom 


2-2 


You will learn E 


b Cases of virvelarity of tirages. 


One of the kings 


THALES (600BC), 
to measure the 
height of the great 
pyramid, there were 
no equipments or 
machineries or à way to find the height of the pyramid directly. 
Thales fixed a vertical stick and start to measure the shadow of 
the stick and compare it with the length of the stick itself, until the 
~ length of the shadow of the stick equals the real length of the stick. 

©” He measured the length of the pyramid's shadow, it was equal to the 
height of the pyramid. 


If you are asked to measure the height of a flagpole using a stick and 
à measuring tape. Do you wait until the length of the stick's shadow 
equals to the length of the stick or can you measure the flagpole's 
height at any time in a sunny day? Explain you answer. 


50 


1- Draw A ABC in which: m(.^A) = 
m (.7 B) = 70° and AB = 4cm 


© 2- Draw A DEF in which: mi“ D) = 50, 
mí(.^E)z70', DE = 5cm g rren A 


3- Find by ı measuring to- to the nearest millimetre, the length of: 
AC, BC. DF and EF 


BC AB 
4- Use the calculator to find the ratios x =E = bE 


Are the ratios equal? What do you deduce Ko these two triangles? 
Compare the results you obtained with the results obtained by the 
other groups and write your comment. 
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AA simiarity postulate 
If two angles of one triangle are congruent to their two corresponding 
angles of another triangle, then the two triangles are similar 


F 
In the figure opposite: i" 
FLASE ZD. ZBSEZE 
then ^ ABC ~ ^ DEF 
D B ^ 


® Try to solve 
O Show which of the following pairs of triangles are similar. Write the similar triangles in 
order of their corresponding vertices, 


AV A 


1- Any two equilateral triangles are similar asin E) 


2- Two isosceles triangles are similar if the measure of one of the two base angles in one of 
them is equal to the measure of one of the two base angles in the other as in F). or if the 
measures of their vertex angles are equal. 


3- Two right triangles are similar if the measure of one of the two acute angles in one of 
them is equal to the measure of one of the two acute angles in the other as in B ). 
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(1) In the triangle ABC, D € AB and Ee AC where BE B 


BD = 12cm, AE = 3cm, AC dem and DE = 4.2cm. 
A Prove that ^ ADE ~ ^ ABC 


B Find the length of: AD and BC ^ 
@ Solution 
A +; DE // BC and “AB isa transversal to both of them. 
„. E ADE= Z ABC 
in the two triangles ADE, ABC 
‘+ Z ADE = Z ABC (proved) C 9 
Z DAE = Z BAC (common angle) 
„ AADE ~ AABC (postulate) 


B ADE ~ A ABC 


AC BC 
^D 3. 42 
AD«12 4 BC 
4AD -23XAD-*«12). 33024 4.2 
= JAD- 3.6 zt 
AD = 3.6cm BC =5.6cm 
*. Try to solve 
e In each of the following figures, prove that: ^ ABC — ^ ADE, then find the value of x. 
A B C 
D iat on 
th en B 
E 
E 
Important corollaries 


If a line is drawn parallel to one side of a triangle and intersects the other 
two sides or the lines containing them, then the resulting triangle is similar 
to the original triangle. 
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L A D E 
^ 
E D c B 
E c 


if DE // BC and intersects AB and AC at D. and E respectively, as in the three previous figures: 
Then: A ADE ~ A ABC. 


— ‘ 


2 in the figure opposite: ABC is a triangle, D € AB, DE // BC 
and intersects AC at E, DF // AC and intersects BC at F. 
Prove that: ^ ADE — ^ DBF 


+ DE // BC „ A ADE ~ A ABC (D 
"V DF U AC AA DBF ~ A ABC (2) 
from (1) amd (2): A ADE ~ A DBF (Q.E.D) 


® Try to solve A 
/3. In the figure opposite: ABC is a triangle, D € AB, DE // BC and intersects 
AC at E, AX is drawn to intersect DE and BC at X and Y respectively. 
A State three pairs of similar triangles. 


. OX _ XE DE 
B prove that: V= Je = ac: 


c 
In any right triangle, the altitude to the hypotenuse separates the triangle 
into two triangles which are similar to each other and to the original triangle 
* E 
In the figure opposite: ABC is a right angled triangle at A, AD 1 BC 
n ^ DBA and ^ ABC 
mí." ADB)=m(< CAB)=90° and “ B isa common angle. 
. A DBA ~ ^ ABC (postulata) un é D " 
Similarly ^ DAC ~ A ABC (2) 


lt each one of two triangles is similar to a third triangle, then the two triangles are similar. 


^ A DBA ~ 4 DAC ~ ^ ABC 
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(3) ABC isa right angled triangle at A, AD 1 BC. Prove that DA is a mean proportional to 
DB and DC. 


Q Solution 
Given: A ABC: m (Z A) 2 90*, AD 1 BC. 
R. I.: prove that (DA P = DB = DC. 
Proof: In ^ ABC 
m, AD 1 BC 
^ A DBA ~ A DAC (Corollary) 
5c = pa ie (DAP = DB x DC 
& Try to solve 
Q In each of the following figures, Find the numerital value of x: 
A ^ B 


(4) In the figure opposite: ABC is a right angled triangle at A, A 
AD . BC prove that: 
A (AB) =BC - BD 
B (ACY =CB «CD 


Que 8 D c 
In ^ ABC: 
„ m N= AD L BC EM - 
JA ABD ~ A CBA (corollary) obtained in exmples 3, 
. 8-2 , (AB? = BD» BD — 
„AACD — ABCA (corollary) theorem which 
^A TER (ACP = CB = CD tae as 
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&- Try to solve 
5, Find the numerical values of x, y in the simplest form (lengths are measured in centimetres) 


A 


Indirect measarement 
It is difficult in some cases to measure a distance or height directly, in this case, you can use 
similarity of triangle to find this measurement by an indirect way. 


One of the ways, you can use the property of reflection of light in a mirror, as in the folowing 
example. 


5 Physics; yousef wanted to know the height 
of a tree, He put a mirror 6 metres from the 
base of the tree, then he moved back until he 
can see the top of the tree in the middle of the 
mirror. At this point, he moved a way from the 
mirror 1.2m and his eyes was at 1.5m from 
the ground. If his foot, mirror, and the base of 
the tree were on the same straight line. Find 
the height of the tree. Given that measure of 
incident angle = measure of reflected angle 


@ Solution 
Let the height of the tree be x metres and measure of the incident angle be 0" 


. Measure of the reflected angle = 0" 
In the two triangles ABC and DEC 
m(< B)zm(.-E)z 90 

m (Z ACB) e m(.^ DCE) = (90 - 6) 


és iz 733 .x-27 5m 


i.e. the height of the tree equals 7.5 metres. 
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&- Try to solve 
8 Find the distance x in each of the following cases: 


A | B 


Given: In AA ABC and DEF: fe = ee = 


EF 85 
R. t. p.: ^ ABC ~ A DEF 
Proof : take X € AB where AX = DE, 


Draw XY // BC and intersects AC at Y. 


NT E F 
^ XY // BC 

"A ABC ~ A AXY (Cora 1) 8 c 
AB. BC. CA 

AX XY YA 

AX = DE (Construction) 

AB. BC — CA * 

DE ^ XY ~ WA 

AB. BC _ CA "— 


from (1) i2; we deduce tha: XY = EF, YA=FD 


and A AXY = A DEF (SSS congruency theorem) 
.. A DEF ~ AAXY 

"A ABC ~ AAXY (Proved) 

AA ABC ~ A DEF (Q.E.D) 
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(6) In the figure opposite: B, Y and C are collinear. Prove that: 
A AABC ~ A XBY 


B BÓ bisects / ABX 


@ Solution 
A In the two triangles ABC and XBY, we get: 
AB 12 4 BC 18«6 4 
xB^9 3" BY 8 53 c 
AC 18: —4 
xv 135 3 
OVES i.e. Corresponding sides are proportional 
JA A ABC ~ A XBY 


S AABC ~A XBY 


m ( ABC) = m (2 XBY} 
i.e: BÓ bisects “ ABX 


7) In the figure opposite: AS N Cb ={E} where AE = BE. AC = pe prove that AC // BO 


- Solution 
„8 A 85 (Properbes of propomon) (1) " 
Vf = E 5 = Be (Properbes of proportion) (2) 
From (1), (2) we get: E G 58 
D 8 
ie. A AEC ~ ^ BED 
“mc ACE) = mZ BDE) C A 
They are corresponding w.r. to the transversal Ce 
“RE / BO 
A 
Try to solve 
(T) ABCD is a quadrilateral, E € BO where: B 
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SAS Similarity theorem 
If an angle of one triangle is congruent to an angle of another triangle and lengths 
of the sides including those angles are in proportion, then the triangles are similar 


z — AB = 
Given: A= Z D, bE = 


R. i. p.: A ABC ~ A DEF 
Proof: take X € AB where AX = DE 
draw XY // BG 


and intersect AC at Y 
“+ XY // BC „*. AABC~ AAXY (Corollary) 0 


OE = (given) AX - DE (construction) 
Tya i ,AY = DF 

o AAXY = = A DEF (SAS congruency theorem) 
A AXY ~ A DEF (2) 

from (1), (2) we get: A ABC ~ A DEF QED 


(8) ABC isa triangle AB = 8cm, AC = 10cm, BC = 12cm, E € AB where AE = 2cm, D € BC 
where BD = 4cm. 


A Prove that ^ BDE ~ A BAC and deduce the length of DE . 
B Prove that figure ACDE is a cyclic quadrilateral. 


@ Solution 
"^ AB Sem. AE = 2cm “. BE = 6cm 
A In ^^ BDE, BAC. 

/ DBE= 7 ABC (1) 

8D_4_1 ES «4.1 

RA: 8 .2 BC 12 3 

= BE (2) 

from en . A BDE ~ A BAC (theorem) 
"P 1 
AC 2 
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B From similarity also ^ BDE BAC m BDE) = mi^ BAC) 
BD is an exterior angle of the quadrilateral AC D 
the figure ACDE is à cyclic quadrilateral. 


® Try to solve 

8) In each of the following figures, find the numerical value of the symbol used in measure. 
Explain your answer. 
A C 


i^ * 4 om 


(9) ABC is a triangle De BC where (ACY CD Ch. Prove that: A ACD ~ A BCA 


@ Solution 
In the two triangles ABC, DAC,  C is a common angle nr 
"(ACY 2 CE« CB 
5 (2) 
from (1), (2) we get ^ ACD — ^ BCA (theorem) 


` — D 8 
& Try to solve 


9 ABC, DEF are two similar triangles, X is the midpoint of BC, Y is the midpoint of EF. 
Prove that: 


A AABX ~ A DEY B AX DES AB Dy 


o 


In each of the following figures, find the value of X. 
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Exercises (2 - 2) 


& 


a) State which of the following cases, the two triangles are similar. In case of similarity, 
state why they are similar? 


m * E 

| “2 

7 

zZ Y 

M 
x / ee 
MEE C 
(3) Find the value of the symbol used: 

A ^ B 


(3) In the figure opposite: ABC isa right angled triangle, AE 1 BC — 4 
First: complete: AABC ~ A ~A 


x» 

Second: If x, y, z, in and n are the lengths of the straight 
segments in centimetres, then complete the following C 
proportions: — — 
A m 8... l 0 SRS D F0 

12 T d * . 
B-—— D B. a ip-L.— 

x y x z x y 


4 AB and DC are two chords ina circle, AB N DC = (E). where E lies outside the circle, 
AB = 4cm, DC = 7cm and BE = 6cm. prove that AADE ~ ACBE, then find the length of 
CE 

5 ABC, and DEF are two similar triangles, AX L BC tointersectitat X, DY L EF and 
intersects it at Y, Prove that BX « YF = CX « YE 
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(6) In A ABC. AC < AB. M ə AC where m( / ABM) = m (Z C). 
Prove that (AB)! = AM « AC. 


(T) ABC is a right angled triangle at A, AD 1 BC to intersect it at D. if Bg = F, 
AD = 6/2 cm. Find the length of BD. AB and AC. 


(8) In the figure opposite: ABC is a right angled triangle at A, A 

AD L BC, DE LAB., DF L AC. Prove that: t 

A AADE ~ ACDF y 

B Area of rectangle AEDF = J AE » EB = AF « FC c D B 
(9) In the figure opposite: ABC is an obtuse angled triangle at A, 2 

AB AC. AD L AB and intersects BC at D. 

ond AP HUNC P du" 

c^—3.4 n 


10 The two sets A and B represent the side lengths of different triangles in centimetres. In 
front of each triangle from set A Write the triangle similar to it from set B 


Set (A) 


(11) In the figure opposite: A B C is a triangle in which AB = 6cm , 
BC =%m and AC = 75cm. 
D is a point outside the triangle ABC 
where D B = 4cm and DE = Sem. Prove that: 


A AABC ~ ADBA 
B BA bisects DBC 


12 In the figure opposite , Complete: 
AABC~A 
and the scale factor = 
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43 In the figure opposite: AABC ~ ^XYZ., " 
— — ^ 
E is the mid point of BC, M is the mid point of YZ. 
CD L AB and T L XY. prove that: P 
[e 
A AAEC ~ AXMZ : 
CD AE Y 


2L XM 
14 ABC and XYZ are two similar triangles, where, AB < AC, XY < XZ. 
E and L are the mid point of BC and YZ respectively. AF L BC and XM Vr 
Prove that A AEF ~ ^ XLM 


as ABC is a triangle, D BC where (ADY = BD DC. BA x AD = BD x AC. Prove that: 
A AABD~ ACAD B AD ! BC 
C mí. BAC) = 


16 Thediagramopposite showsthelocationof a gas station. It 
is required to build it on a high way at the intersection 
of a road that leads to city C and perpendicular to the 
high way between the two cities A and B. 

A How far is the gas station from city C? 


B What is the distance from B to C? 


NEN coo db EM MR ͤ—8 


Use Google Earth program to calculate the shortest distance between the governates of Egypt 
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On the squared paper, draw each of 
the two triangles ABC and XYC. 


t- Show why: 


A XYC ~ A ABC. Find the similarity ratio. 
2- Calculate the ratio of area of the triangle XYC to the area of the 


original triangle ABC 


3- Determine another point as D € AC, then draw DO // AB and 
intersects BC at D' to get the triangle DD'C. Is ^ DD'C ~ ^ XYC? 


4- Complete the following table: 


sexe Da 


axe-amc| —]1 —1 — 1 


5- What does it mean by the ratios you obtained comparing with the 


similarity ratio (scale factor)? 


First: the ratio of Areas of two similar triangles: 
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Ratio of the areas of the surfaces of two similar 
triangles equals the square of the ratio of the lengths 
of any two corresponding sides of the two triangles 


2-3 


You will learn 


o 
* The relation between the pe- 


feneten of tho winder polygon 

ahd wrredarity ratio (scale factor] 
* The relstion between meas 

cf two similar polygons and 

wrrelarity vatin. 


Q 
learning tools E 
o 
* Computer 
* Proyector 


LI Gapa progtam 
* squared paper 


* Calculatin 


Given: ^ ABC — ^ DEF 
1 
: Seber - (66) -( - (86) 


Proof: Draw AX 1 BC where AX N BC - (X), 


DY LEF where DY N EF 2 (Y) 


"s A ABC ~ A DEF 


m EBM E. N= Pe = Eh " 
In the two triangles ABX, DEY: 
m^X)2m(i.^Y)290 , mio B) = mc" E) 


AA ABX ~ A DEY (A A similarity postulate) 


Critical thinking; 
1- IF A ABC ~ A DEF, Lis the midpoint of BC, M is 


If A ABC ~ A DEF, 


AB AX 

“DE DY " 
A(AABC)  2B8C"AX pc Ax 

al DEF) Jer «AY EF DY 


By substituting from (1), (2), we get: 
Sam -- G- oro. 


aia DEF) dE ' DE FE 
aA ABC) AX 
MeliceJbaE A DEF „. be 7 OY 
alà ABC) AX V 


then: 1 DER) ~ Fj BY 
ie. the ratio of the areas of the surfaces of two similar triangles equals the square of 
the ratio the lengths of any two corresponding alttitudes of the two triangles. 


the midpoint of EF. 
22 ABC) (S AL E 
*'MADEF) 50 
Explain your answer, and write your deduction. 


AN bisects A and intersects BC at N. 


DZ bisects O and intersects EF at Z. 

j, 85 ABC) -(&) ’ 

aA DEF) OZ 

Explain your answer and write your deduction. 
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(1) In the figure opposite: ABC is a triangle D € AB 
where £2 = 3. DE // BC and intersects AC at E. 
if the area of A ABC = 784cm'. find: 

A area f ADE. B area of trapezium DBCE. 


@ Solution 
In AADC:  * DE // BC 
„ A ADE ~ A ABC (Corollary) 
. alò ADE) AD 
' al^ ABC) MY it 48) me 
pro =(3) 7 a(A ADE) = 784 « & = 144em? 
EAE E causes eee e 
aten of trapezium DBCE = 784 - 144 = 640cm? 
& Try to solve 
1 In the figure opposite: 


BE bisects “ ABD, 
al ^ ABC) = 48 cm? 
Find: a( ^ EBD) 


D The ratio of the areas of two similar triangles equals 4 : 9, If the perimeter of the greater 
triangle equals 90cm, Find the perimeter of the smaller triangle. 


@ Solution 
Let A ABC ~ A DEF 
, a(^ ABC) (8 4 ^B 2 
zen (80 7$ DE ^3 
,. PerimeterotAABC — AB 2 
' Pedmeterot A DEF DE 3 


^. Perimeter of ^ ABC = 60cm 
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® Try to solve 
2 ABC and DEF are two similar triangles E. 
* a(^DEF) 4 
A If the perimeter of smaller triangle equals 4543 cm. Find the perimeter of the greater 


triangle. 


B if EF = 28cm, find the length of BC. 


(3) If every 1 cm on the map represents 10 kilometres. 
find the real area which the tnangle ABC represents 
to the nearest square kilometre, 

If aA ABC) = 64cm". 
Solution 
Drawing scale = similarity ratio = rut 
area of ^ ABC — square of similarity ratio 
real area 
64 
real area 
the real area = 6.4 10 10 10* x 10° em? 
= 640 km? 


8 Iw 
(Sr) 


© Try to solve 


@ A On the map above, calculate the area of ADEF 
in cm’, and use it to estimate the real area which 
the triangle represents to the nearest km’. 


B Use one of the maps of Egypt to calculate area 


of Sinai to the nearest 100 square kilometre. Compare your answer with the answer 
of your classmate. 


Second: The ratio between the areas of two similar polygons 


Work with your classmate to discuss how to divide two UEM 
similar polygons into same number of triangles which ELT T 
each of them is similar to the corresponding one 


[e] 


1- Draw similar polygons as in figure (1) and figure (2). 
2- In figure (1) draw AC. What do you notice? 
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Notice that In the two triangles ABC, ABC 
< AB'C)z m^ B) trom similanty polygons 
and B BC 
. A AB'C' ~ A ABC (Corollary) 
similarly m (.^ AE'D') = mc.^ E) 
S // ED and AD ~ A AED and so on 


Fact Two similar polygon can be divided into the 
same number of triangles, each is similar to the a 
corresponding one. 


Note: the fact mentioned above is valid regardless 
the number of the sides of the two similar polygons 
(have always the same number of sides). Any polygon 
of n sides can be divided into (n-2) triangles. 


A B 


Given: polygon ABCDE ~ "re A'B'CD'E 


R. i. p.: a — . 


proof: from A, A draw AC, AD, AC. AD 
' polygon ABCDE ~ polygon A'B'C'D'E' 
they are divided into the same number of triangles, cach is similar to the corresponding 


Progr 1 SADE) co AACD) _ / DEY 
Meo "(se). dence (ce) - i460)" (Se) 
EL Li LE (rom similar polygons) 
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ajA ABC) _ a^ACD) _ a(^ADE) (E y 
' a(^ A'BC) = ai^ ACD) BAADE) AB 


From properties of proportion 
a(^ ABC) + a(^ ACD) + a(^ ADE) — 
alà A'B'C') + ala A'CD') + ala A'D'E) AB 


then: 2 (polygon ABCDE) _ = (42 i QED 
a (polygon AB'CD'E) A 


®& Try to solve 
@ A If polygon ABCD ~ polygon A'B'C'D', = = 3 . then write the value of each of 


the following: 
a (polygon ABCD) = perimeter of polygon ABCD 
a (polygon ABCD) perimeter of polygon A'B'C'D' 
B If the two polygons ABCDE and A'B'C'D'E' are similar and the ratio of their areas 
equals 4 : 25 


Then write the value of each of: -AB. . perimeter ot polygon AB COE 
Aw perimeter of polygon A'B'C'D'E 


C If the ratio of the perimeters of two similar polygons equals | : 4, and area of the first 
polygon equals 25cm? Find the area of the second polygon. 


D |f the length of two corresponding sides in two similar polygons are 12cm and 16cm, 
and the area of the smaller polygon equals 1 35cm. Then find the area of the greater 


polygon. 


(4) ABCD and XYZL are two similar polygons and: m A) 240", XY = AB. CD = 16cm. 
Calculate: first: m(.^ X) 


Second: length of ZL 
third: a polygon ABCD) : a (polygon X Y Z L) 


poly gon ABCD ~ polygon XYZL 


+. MZA) = mZ X) then m. X)=40" (teu required) 


VXY-SAB ite} (from properties of proportion) 
From similar polygons, we get also = 2 


-A then ZL = 37. 12cm (second required) 


a(polygon ABCD); a (polygon XYZL) =(ABY : (XY y? 
= 6k: 9k? 


zm 16:9 urg required) 
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(5) The ratio of the perimeters of two similar polygons equals 3 : 4, if the sum of their areas 
equals 225cm’ , then find the area of each of them. 


@ Solution 
* The ratio of the perimeters of the two similar polygons = 3:4 
he ratio of the lengths of any two corresponding sides of them = 3:4 
Let the area of the first polygon be 9x , 
and the area of the second polygon be 16x 
. Ox + 16x = 225 „then x = 5*5. = 9 
.*. area of the first polygon = 9 « 9 = 81cm? 
<. area of the second polygon = 16 « 9 = 144enr 


©) Agriculture: Two farms are in the form of similar polygons, the ratio of the lengths of 
two corresponding sides of them equals 5:3, if the difference between their areas equals 
32 feddans, then find the area of each farm. 


6 ABCD and XYZL are two similar polygons, the diagonals of the first are intersecting at 
M and the diagonals of the second are intersecting at N. 
prove that a( polygon ABCD) : a(polygon XYZL) = (MC) : (NZP 
@ Solution 
* polygon ABCD ~ polygon XYZL 
„ SABC ~ A XYZ, 
A DBC ~ A LYZ (tact) 


x 
^AMBC-ANYZ (why) ` ' A 
BC MC 
then = (1) 
* polygon ABCD ~ polygon XYZL Y B 
. _A (polygon ABCD) _ / BC 
* a 2 2 c 


a {polygon XYZL) - 
From (1) and (2) we deduce that: 


a (polygon ABCD) : a(polygon XYZL) = (MC : (NZP 
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® Try to solve 

© ABCD and XYZL are two similar polygons, if M is the midpoint of BC, and N is the 
midpoint of YZ, then prove that: 
a(polygon ABCD) : a(polygon XYZL) = (MDY : (NLP 


t) ABC is a right angled triangle at B, if AB, BC and AC are corresponding sides of three 
similar polygons X, Y and Z respectively, described on the sides of the triangle ABC. 
Prove that : a(polygon X) + a(polygon Y) = a(polygon Z) 


@ Solution 
ks X ~ nZ „ A polygon X) AB 
polygon polygo 7 z . 
- x , a (polygon Y) — (BC 
poly gon Y ~ polygon Z "Tima ^ OCP 
„ a (polygon X) — a (polygon Y) (BC) + (BC 


' "aipolygonZ) a (polygon Z} I (ACy cy 
„ m B) = 90 (ABP + (BC? S (AC) 

a (polygon X) A (polygon Y) 
a (polygon Z) “a (polygon Z) 
then a (polygon X) + a(polygon Y ) = a(polygon Z) 


from (1), (2) we get =| 


Š Try to solve 


(T) ABC is a right angled triangle at A, in which AB = Sem. BC = 13 cm, where AB, BC 
and AC are three corresponding sides of three simlar polygons L, M, and N respectively, 
described on the sides of the triangle ABC from outside. 


If the area of polygon L equals 100cm*", find the area of each of polygons M and N. 


In the figure opposite : ABCD is a parallelogram 
E € AB where “= = $, N N CB = = {F) 
(1) Prove that: A DCF ~ A EAD 


a (^ DCF) 
E Find a (^ EAD) 


Mathematics ~ First form secondary October Engineering Press 


The Relation Between the 


e Exercises (2 - 3) 


D Complete: area (A XYZ) _ 
A If A ABC ~ A XYZ, and AB = 3 XY, then [= = 


B if A ABC ~ A DEF, area of (A ABC) = 9 area of (^ DEF) and DE = 4em, then 
AB = em 


(2) Study each of the following figures, where K is constant of proportion , then complete: 


A H ^ 
x "+ 
C D 8 
AB N CO - (E) m (Z BAC) 2 907, AD L BC 
area of (^ ACE) = 900 cm? area of (^ ADC) = 180 cm? then: 
then: area of (^ DEB) = em? area of (^ A BC) = em? 


(3) ABC is a triangle, Da AB where AD 2 2 BD and E 5 AC where DE // BC 
If the area of A ADE = 60cm’, find the area of the trapezium DBCE. 


4 ABC is a right angled triangle at B. The equilateral triangles ABX, BCY, and ACZ are 
drawn , prove that : area of (AABX) + area of (ABCY ) = area of HAC. 


5) ABC is an inscribed triangle in a cin circle where * z 3. from the point B, a tangent is 
drawn to the circle and intersects AC at E. 
, area of (A 2 


that: 
pte areactiA ABE) 18 


(6) ABCD is a parallelogram, X 3 AB . X 3 AB. where RX AB. 5 CB. Y » CB. 


where BY = 2 BC. the parallelogram BXZY is drawn, prove that: See =} 
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(9) A B C is a right angled triangle at B, BD 1 AC and intersects it at D. The squares AXYB 
and BMNC are drawn on AB and BC respectively outside the triangle ABC: 
A Prove that polygon DAXY B ~ polygon DBMNC 
B if AB = 6cm and AC = lem. find the ratio between the areas of the two polygons. 


8 A B C is a triangle , AB, CB and AC are corresponding sides to three similar 
polygons X, Y, Z drawn outside the triangle respectively. If the area of polygon 


X equals 40 cm, area of polygon Y equals 85 cm? and area of polygon Z equals 125cm'^. 
Prove that: the triangle ABC is right angled. 


(8) ABCD is a square, AB, BC. CD and DA are divided in the ratio | : 3 by the points X, 


Y. Z and L respectively. 

Prove that: Area of the square X YZL 

A XYZL is a square 8) —— ak 
Area ol the square ABCO — 8 


10 The floor of a GY M rectangular hall of dimensions 8m and 12m. was covered with wood, 
for 3200 pounds, Calculate ( use similarity) the cost of covering a larger rectangular hall 
of dimensions 14 em and 21cm with the same kind of wood and price. 
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oo 


In each of the following figures, two similar triangles. Write the two 
triangles in order of their corresponding congruent angles, and deduce 
the proportion of their corresponding sides. 


9 OK On 


figure (1) 
— e 


> In figure (2): Is there a relation between AE AD and AC « AB? 
> In figure (3): Is there a relation between AD « AC and (AB) ? 


If the two lines containing the two chords AB, CD of a circle are 
——Ü— m equas 


A e 


figure (1) 
To deduce that: 
> Draw AD and BC 
> In each of the two figures, prove that the two triangles are similar: 
then £C = cg <. EA «EB = EC « ED 
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You will learn Q 


2-4 


[e] 
o 
* The relation between two inter 

secting chords in a circle, 

+ The relation Getween two se- 
carts to the dwie from a point 
outside It. 

+ The relation between the length 
Of a tangent amd The kergita 
of the two parts af à secant to 
he circle desem from à pont 
outside It. 

+ Modeing, uolvirig probem, 
ond ie appécamions ining små- 
amy of polygon i à Code. 


(1) In the figure opposite: AB N CD = (E). 
se EA 4 
if c5 = 3: EC m and ED=4cem 
Find the length EB 
@ Solution =, 
.. EA L4 $ e * D 
SEL „c- AK. EB-3K bete K 40 
(well known problem) 


" ABO CD ={E} . EA EB = EC ED 
then: 4K K 29 4 

2K = 36 

K? 23 

K I. EBz3/3cm 


& Try to solve 
O Find the value of x in each of the following figures (lengths are measured in centimetres) 


E dme 8 D c KA 
c » 
= 


CD = 9cm, ED = em. Find the length of BE | = 
B 


— 
2 In the figure opposite: AB N CO = (E), A B = Sem. Ge: 
@ Solution 
let B Ez x cem. 
' AB N CD s (E) 
SEB*EAZED:*EC (welt known problem) 
then: x(x + 5) =3(3+9) 
x? + 5x - 3620 
(x-4)jix *9) 20 
Sxe4 , x2-9 refused 


the length of BE =4em. 
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© Try to sore 
(2> Find the value of x in each of the following figures(lengths are measured in centimetres) 
A B A C ^ 


In the figure opposite: EA is a tangent to the circle 
EC intersects the circle at D, C 
“. (BAY = ED x EC 


— a 
3 In the figure opposite: EA is a tangent to the circle, 
EA intersects the circle at D and C respectively. 
where ED = 4em, CD = Sem, find the length of EA 

[ Solution 
E is tangent, EC isa a secant E 
. (EAP=ED*EC (Corollary) 
(EAF =4(4+ 5) = 36 
„EA = 6em 


® Try to solve 


G In each of the following figures EA, is a tangent to the circle. Find the numerical values 
of x, y and z (lengths are measured in centimetres) 


Pel 12 
A A 

c E 
p = * 
c c 
d E ? F A 
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Converse of the well known. problem 

If the two lines containing the two segments AB and CD intersect at a point E (A, B. C. D. 
and E are distinct points) 

and EA x EB = EC = ED then: the points A, B, C and D lie on a circle. 


Nouce that; 

EA» EB = EC ED 

then Es = 88 

> Is A EAD ~ ^ ECB? Why? 
> Ism(“A)=m(<C)? Why? 
Do the points A, D, B and C lie on a circle? Explain your answer. 


4 ABC is a triangle in which AB I Sem. AC = 12cm, D € AB where A D = dcm, E € AC 
where AC z 5cm. 
Prove that the figure DBCE is a cyclic quadrilateral. 


„„ AD» AB = AE AC 

BE N CE ={A}, AD- ABS AE «AC 

the points D, B, C and Elie on a circle — (converse of the well known problem) 
then the figure DBCE is a cyclic quadrilateral 


® Try to solve 


a In which of the following figures, the points A, B, C and D lie on a circle? Explain your 
answer. 
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5 ABC is a triangle in which AB = 8cm, AC = 4em, D € AC. D ¢ AC where CD = I2cm. 
prove that AB touches the circle which passes through the points B, C, and D 
VAC*ADz4(4:* 12) = 64, * 

(ABY z(8yz64 / 
' (AB) = AC AD 
*. AB touches the circle which passes through the points 
B. C, and D at the point B. * 


&. Try to solve 


5 In which of the following figures is AB a tangent segment to the circle which passes 
through the points B, C, and D? 


B D c C 


(6) Lite..applications;..Geology; In one of the 
coastal areas, there is a ground layer in the form 
of a natural arc. The geologists found that, it is 
an arc of a circle, as in the figure opposite. Find 
the length of the radius of the circle's arc. 


@ Solution 
let the length of the radius of the circle's arc be r metres C 
” AB and CD are two intersecting chords at E P al: in^ 
„ EA» EB = EC x ED BA A 
27x 2 = 9 «(2r-9) 
2r-9- 8I 
r=45 

i.e. the length of the radius of the circle's arc equals 45 metres. E 
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a) Use the calculator or mental math to find the numerical value of x in each of the following 
figures. ( lengths are measured in centimetres) 


Exercises (2 - 4) 


A c 


(2) In which of the following figures, the points A, B, C and D Lie on a circle? Explain your 
answer. (the lengths are measured in centimetres) 
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3 In which of the following figures, AB is a tangent to the circle passing through the points 
B. C and D. 


A ^ 


(4) Two circles are intersected at A and B. C > “AB and C » AB, From C, The two tangent 
segments CX and CY are drawn to the circle at X and Y respectively. Prove that CX = CY. 


(5) In the figure opposite: M and N are two tangential circles at E. 
"AG touches the circle M at B, and touches the D 
circle N at C, AE intersects the two circles at F 
and D respectively, 


where AF = 4cm, FE = 5cm, ED = 7cm. ù 1 N 
n c 


Prove that B is the midpoint of AC 


(6) In the figure opposite: Lə XY where XL =4em, 
YL 28cm, M ə XZ where XM Gem. ZM s 2cm 
Prove that: 


A AXLM ~ ^ XZY 
B LYZM is a cyclic quadrilateral. 


(T) NB CE = {E}, A E = S BE, D E = $ E C. If BE = 6cm and C E = Sem. 
prove that the points A, B, C and D lie on one circle. 
(8) AB C is a triangle. D 3 BC where D B = Sem and D C = 4cm. If A C = 6cm. Prove that: 
A AC isa tangent segment to the circle passing through the points A, B and D. 
B AACD~ ABCA 
C Area of (A ABD): area of (^ ABC) =5:9 


9) Two concentric circles at M, their radii are 12cm, 7cm, AD is a chord in the larger circle 
to intersect the smaller circle at B and C respectively. Prove that AB = BD = 95 
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(10 ABCD is a rectangle in which A B r Hm and B C Sem. BE L AC and intersects AC 
at E and AD at F. 
A Prove that (AB)! = AF « AD. 
B Find the length of AF . 


qt Industry; A gear was broken in a machine, to change it, 
it is needed to know the radius length of its circle. 
The figure opposite shows a part of this gear. What is the radius 
length of its circle? 


12 Environment; The figure opposite illustrates 
a plan of a circular garden involving two 
intersected roads at a fountain How for is the 
fountain from the entrance C?, 


43) Home; Hoda uses a circular grill of a radius 50cm made of 
wire to prepare the meat. There are two parallel and equal 
wires supporting the gril as shown in the figure opposite. If the 
distance between those two wires is 10cm, calculate the length 
of those two wires. 


44 Contact; satellites transmit the T. V programs everywhere 
on Earth special dishes are used to recieve the signals of 
T.V broadcast these dishes are concave the figure opposite 
illustrales a section of such a dish of a diameter length 


180cm. 


For more exercises, please visit the website of Ministry of Education., 
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Unitsummary 
Two Similar Polygons 


Two polygons having the same number of sides are said to be similar if the corresponding 
angles are congruent and the lengths of their corresponding sides are proportional . 


Similarity Ratio ( Scale factor) 

If polygon A’ B' C' D' ~ polygon A B C D, then k is the scale factor of polygon A’ C D' to 
polygon A B C D where 

AS = z = [ = AD’ =K < 

Ae = Be = Se aoe aK . K#0 

The ratio of perimeters of two similar polygons equals the scale factor of its similarity. 


Corollary (1): If a line is drawn parallel to one side of a triangle and intersects the other two 
sides or the lines containing them, then the resulting triangle is similar to the original triangle. 
Corollary (2): In any right triangle, the altitude to the hypotenuse separates the triangle into 
two triangles which are similar to each other and to the original triangle 

Theorem 1: sss Similarity theorem If the sides of two triangles are in proportion, then the 
two triangles are similar.. 


Theorem 2: SAS Similarity theorem If an angle of one triangle is congruent to an angle of another 
triangle and the sides including those angles are in proportion, then the triangles are similar. 


The relation between the areas of two similar polygons 


Theorem 3: the ratio of the areas of the surfaces of two similar tnangles equals the square of 
the ratio of the lengths of any two corresponding sides of the two triangles. 

Fact: Two similar polygon can be divided into the same number of triangles, each is similar 
to the corresponding one. 

Theorem 4: The ratio of the areas of the surfaces of two similar polygons equals the square of 
the ratio of the lengths of any two corresponding sides of the polygons 


qQ Enrichment Iniormation 


Please visit the following links. 
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Wes 
zw (Geometry 


9 


Recognize and prove the theorem : if a line is drawn 
parallel to one side of a triangle and intersects the 
other two sides , then it divides them into segments 
whose lengths are proportional" 


Recognize and prove TALIS general theorem" 
Given several coplanar parallel lines amd two 


transversals.. 


Recognize and prove the theorem” the bisector of 


Ratio Median 
Proportion Vransversal 
Parallel Bisector 
Midpoint Interior Bisector 


by the end of the unit, the student should be able to: 


the interior (or exterior) angle of a triangle ut amy 
vertex divides the opposite base, 

Find the power of a point Wit, to a circle ( secants 
and tangents), 

Deduce the measures of angles resulting from the 
intersection of chords and the tangents in a circle . 
Solve applications about finding the length of cach 
of the interior and the exterior hisectors 


Exterior Bisector 
Perpendicular 


Peace Bridge Sort Canal) 


Lesson (3 - 1): Parallel Lines and 
Proportional Parts. 
Lesson (3 - 2): Angle Bisectors and 
Proportional Parts. 
Lesson (3 - 3): Applications of 
Proportionality in the 
Circle. 


Geometric instruments for drawing and 
measurements Computer - Graphic 
programs - datashow - squared paper - 
thread - scissors 


Y Brief History 


Mathematicians is an intellectual activity full 
of fun and makes the mind open and clear, and 
contributes to solving many problems and life 


challenges through representing or modeling it by _{Proportionality theorems} : 

relations in languge of mathematics and their symbols FEM Ses mam] 7A * 

^ in | | Talis | | Proportion in | 

t0 be solved, then returned to the physical assets. - JU d i — 
Ancient Eqyptions realized so , they set up [ 


temples and pyramids as straight lines, some anc 
parallel and the other are transversals to them , 
and also plowed farmland in parallel straight lines, 
Groeks- has taken Geometry from ancient Egyptians, 
Euclid (300 BC) put geometric integrated system, 
was known as Euclidean Geometry depend on Five 
Axioms, the important one is parallelism Axiom 
which is " From a point does not belong to a straight 
line, it is possible to draw only a straight line passes 
through this point and parallel to the given line” 

The Euclidean Geometry dealing with plane figures 
(triangles - poly gons-circles ) and three dimensions 
figures, they also have practical applications in 
various fields including construction of roads, urban 
planning and preparation of maps, which rely on 
parallel lines and transversals to them according to 
the real length and drawing length (scale drawing). 


boy marshe "D" Draw the triangle A B C, determine the point D € AB 
o trang. then draw DE // BC and intersects AC at E. 
+ lie proportion n oem — 2. Find by measuring the length of each of: 

to 


lengths and in prowe selationt — — — —— 
i — 3a Calculate each of the ratio AB. AE c 
B C and compare between them , what do you notice? 
protien inching parallel bine 1 X : 
and thew tranvenah If the location of DE has been changed preserving parallelism to 
BC. 
Is the relation between BE and AE changed? What do you 
deduce? 
Key-terms 
> Parallel 
+ Matpont 
* Medun 
» Traeaversal 
Proof: -. DE // BC € o 
ORAE SR AB MAN 
then: 25 = I (n) 
v De AB, Ee AC 
Materials [e „„ AB = AD DB. AC a AE + EC (2) 
—— from (1) and (2) we get: 
AD+DB _ AE «EC 
» Geometrie mument AD AE 
" then; ^D. , DB . AE , EC 
AD AD AE AE 
* Graphic program 
> Date show 1+ a1 
Y 06 _ EC 
"AD AE 


from the properties of proportion, we get: ÂZ = ŻE (Q.E.D) 
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, AD«DB = AES EC 
“* ps EC 


(1) In the figure opposite: XY BC. A X = l6cm, BX = 12cm. 
A If AY = 24cm, Find YC. 


B if CY = 21cm, find AC. E 
Q Solution " 
A XY // BC IE 
and: 18 = 24 YC = 18228 gem 
S ) . 
and 5 2 . AC = 28% 21 — 49cm 
X. Try to solve 


O In each of the following figures : DE // BC. Find the numerical value of x (lengths are 
measured in centimetres) 


If a straight line is drawn outside the triangle A B C parallel to one side « 
the triangle, say BC intersecting AB and AC at D and E, respectively as 


shown in the figures , then: AB = AC . 
and from the properties of the proportion we can deduce that: 
AD AE AD _ AE E: à A 
AB AC 'DB CE 
C B 
C 
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2 In the figure opposite: CE N BD = (A), X € AD 
Y € AE where XY // BC // DE. 
If AB = 6cm, AC = Sem, AE = 12cm, EY = dem. 
Find the length of each of AE and DX. 


@ Solution 
* ED // BC , CE N BD = (A) 
„ and: 2 „AE = 10cm 
uo AE _ 40 
""EY Dx 
and 10 = 7 S DX = 48cm 
® Try to solve E 
2 in the figure opposite: BE AC , AE N CD = {B} C 
A If: AB = Sem. BC = 9cm, BE = 12cm. 
Find the length of BD. 8 
B If: AB = 6cm, BE = 9cm, CD = 18cm. D A 


Find the length of BC. 


If a line intersects two sides of a triangle and divides them into segments 
whose lengths are proportional, then it is parallel to the third side of the 


In the previous three figures: ABC is a triangle, DE intersects AB at D and AC at E, 


AD _ AE — — 
o8 ^ eg hen DE // BC 


Logical thinking: Is ^ ADE ~ ^ ABC? Why? - Is Z ADE = Z B? Explain your answer. 
Write a proof for the converse of the theorem. 
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(3) In the figure opposite: ABC is a right angled triangle at A 


A. Prove that: BE BC. B Find the length of BC. 
@ Solution c 
A the trinagle ADE is a right angled triangle at A 
„ AD z 4/25 - 16 = 3cm (Pythagorian theorem) 
83,3. 1 541 
56 5 2 EC 7 2 
. AD_ AE 575 
d e /. 
* VA .AD DE 1 
B CRAB EABG QN ^E "BS "9 
then = ., BC = [Sem 
© Try to solve 
3 In each of the following figures, determine whether if DE // BC or not? 


B Cc fe) ¢ 


(4) ABCD is a quadrilateral in which X € AB, Y € AC where XY // BC, 
draw YZ // CD and intersects AD at Z. Prove that XZ // DB. 


@ Solution N 
In ^ ABC: "um 
** XY II BC "xB "Vo i) 
In AADC: 2 4 
v» MVP 7n LI AZ AY 
.' Y2 I| CD ^35 9€ (2) x 
from (1) and (2) we deduce that: ÂX = AZ n 
In ^ ABD: 
SAX _ AZ L« 
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&. Try to solve 
a ABCD is a quadrilateral, its diagonals intersect at M. draw ME // AD and intersects AB at 
E, draw MF // AD and intersects BC at E prove that: EF // AC c x D 


Logical thinking: If E. F, X and Y are the mid-points of the sides . BC . 


CD and DA in the quadrilateral ABCD respectively. 
Is the figure EFXY a parallelogram?, 


Understand; What is the request? When the figure EFXY is a parallelogram? 


Plan; form triangles , by drawing BD which divides the figure into two triangles. 
E is the mid-point AB EY // DB 
A ABD | "resides H 
Y is the mid-point AD EY « iBD TM 
— i! FX the figure 


F is the mid-point BC FX // DB 
ACBD [ A ; — H ; EY=FX EFXY isa 
X is the mid-point DC FX 25 BD parallelogram 


Solve; Write the suitable mathematical statements for proof and their justifications. 


^ 
Verify; Search, Is EF // XY? explain your answer. 


X. Try to solve 

(5) In the figure opposite: ABC is a triangle, D € AC, 
DE // AB , DF // AE c B 
Draw a chart which show how to prove that (CEF = CF CB. 


5 GPS; to determine the location C, 
Surveyors measure and prepare the scheme opposite. 
Find the distance between the location C and the location A. 


@ Solution 6 
AB L BD. CD 1 BD ..AB // CD 
“ ACN BO={E}. AB//CD 
EA. EB 45 
AG BD then = 25 105 
AC = 90 7150 = 200 metres. 
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Parallel Line 
® Try to solve 


©) Pollution Control; A team of pollution control 


determined the location of an oil spot on one of 
the beaches as in the figure opposite. Calclate the 
length of the oil spot. 


2 


You have noticed the possibility of using a parallel line to 
one of the sides of a triangle in many life applications. 

The figure opposite shows a door of one of the plant nurseries | 
made from wooden parallel pieces and other transversals to 
them. 

Is there a relation between the lengths of intercepted parts of 
these parallel pieces? 


Modeling 
To investigate the existence of a relation or not, make a model to the problem (make à 
mathematical model to the problem) as follows: 


1- Draw the lines L, // L, // L, / L. and M, M are two transversals to them 
at A. B. C, D and A, B. C, D 
as in the figure opposite. 


2- Measure the lengths of line segments. and compare 
the following ratios: 
AB BC CD AC 
A ' gc cb’ ao” 
What do you deduce? 


Talis Theorem 


Given: I. L, // L, // L, and M, M are two transversals to them 


R. l. p: AB: BC: CDzAB:BC:CD 
Proof: Draw AF // M' , and intersects L, at E. and L, at F, 


BY M and intersects L, at X and L, at Y. 
„ AEB'A is a paralleogram then AE = AB 
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Similarly: EF2 BC , BX=BC , XY=CD 


In AACF; 
AB. AE 
BE // CF as ac ~ EF 
AB AB BC 
similarty ^BDY: 
ec ec BC. CD 
"CD" Gp’ BC" cD (exchange the means) (2) 
from (1) and (2) we get: 
AB ,, BC , CD 
AB BC CD 
„ AB: BC: C DAB: BC: C DOD QED. 
® Try to solve 
D Write the value of each of the following ratios, using the previous figure: 
2 B AC 8 & p; ^9 E A 
| 6D CB |. DA AB | AB 


s in the figure opposite: AB // CO // EF // XY. 
AC = 28cm, CE = 20cm, DF = 15cm, FY = 33cm. 
Find the length of each of: BD and EX 


@ Solution 
„ AB // CD // EF // XY 
. AC _ CE EX 
BD DF FY 
2.2.2 „ BD = 21cm , EX = 44cm. 
€. Try to solve 


8 In each of the following figures the red lines intersect parallel lines. Calculate the 
numerical values of x and y. (Lengths are measured in centimetres) 
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1- If the two lines M, M intersect at the point A 
di mL 
AB _ AB’ 
and conversely; If; 2 aC 


then: BB d 


Talis's Special theorem 

2- If the lengths of the segments on the transversals are equal, 
then the lengths of the segments on any other transversal ^ 
will be also equal. L 
In the figure opposite IL. L, // L, I., and M, M are two 
transversals to them and AB = BC = CDthen: AB zBC CD. h 


— 


(9 In te figure opposite , find the numerical value of x and v. 


@ Solution 
‘AB // CD // EF , BD = DF 
J.AC &CE 
then; 2x-3=x+2 25 
"BDzDF,xz5 3251 5723 
& Try to solve 


e In each of the following, find the numerical values of x. y. (lengths are measured in 
centimetres) 


Yousef wanted to divide a strip of paper into 
3 equal parts in length. He placed it on a paper 
on his notebook, as in the figure opposite, and 
determined two points of division A and B. E! 
Is the division of Yousef's strip correct? Explain 
your answer. Use your geometric instruments to 
verify your answer. 
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(8) Industry; Fertilizer packages produced from one of © 
the factories are transfered by sliding on a tube that 


is inclined and carried on to trucks to the centre of = 
distributions as in the figure opposite. ^ 
If D, E and F are the projections of the points A, B 
and C on the horizontal respectively, AB = 1.2m, s 
DE = 80cm , EF = 12m. Find the length of the tube — 
to the nearest metre . 
@ Solution 
' D, E and F are projections to the points A, B and C on the horizontal . AD // BE // CF 
. . AC _ OF AC _ 12408 
- AD // BE CF , AC , DF are two transversals to them "AB DE 12 08 
SACS La 828 = 192m “AC = 19 metres 
® Try to solve 
E 


If AB = [80cm, EF = 2m 
AB: BC CD=5;4;3 - 
Find the length of EY.and CD 


p 
— 
RB» 
na 
mm 
mu 
| | 
an 
| | 


A 
Ed 
x 
— 
E 
a 
* 
LJ 
[ | 


;-—— | 


88 


From the figure , find the value of — in 
different methods, if possible. 
Did you get the same result ? 


—— a 


Problem solving; ^ B is a ladder of length 4.1 metres rests 
by its upper end A on a vertical wall and with its lower end B 


on a horizontal rough ground, If the lower end is 90 cm apart a 
from the wall. Calculate the distance which a man ascends m " 
on the ladder until it becomes at 2.4m high from the ground. ^ 

C a 
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Exercises (3 - 1) 


(1) In the figure opposite: ED // BC. Complete: A 
A if AO = then: 8 =— and 1 
E D 
B if AE = $, then : eq =—— and A -—— 
Cc B 


(2) In the figure opposite: DE // BC. Determine the correct statements in each of the 
following: 
A 


a 2B . ^E p AD _ a 

08 = tC AE ke 

> AB AC AB — AC 

Sw- YDE E < 
AC AB CE AC c 

Ps f 8738 M 


3 In each of the following figures: DE // BC. Find the numerical value of x tengih in centimetres). 


4 In the figure opposite: AB // DE and AE N BD = {C} 
AC = 6cm, BC = 4cm and CD = 3em, 
Find the length AE 
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(8) XY 9 Z 2 (M), where XZ // Ly. If XM Gem. Y M = 15cm and ZL = 36 em. 
find the length of ZM. 

6 For each of the following, use the figure opposite and the given data to find the value of x: 
A AD=4 , BD=8 , CE =6 and AE» x. ^ 
B AE-x .EC-5 , AD=x-2 and AD=3. 


E D 

C AB-21 , BF=8 , FC 26 and AD- x. 

D AD=x , BF2x- 5 and 2DB 2 3FC = 12, 

— — B 
7 in each of the following figures, Is XY // BC? * 
A e ? 
x 
e Fem Y ifem 


(8) XYZ is a triangle in which XY» acm. XZ = 21cm and La XY where XL = 56cm and 
M 3 XZ where XM =8.4em, Prove that LM Y 


(9) In the triangle ABC, Də AB, E AG and SAE = 4 EC. 
If AD = 10 em and DB = 8cm. Is DE // BC? Explain your answer. 

40 ABCD isa cyclic quadrilateral, its diagonals are intersected at E. If AE = 6cm, BE = 
13cm, EF = 10cm and ED = 7.8 cm. prove that ABCD is a trapezium. 


"t Prove that the line segment drawn between two mid points of two sides in a triangle is 
parallel to the third side and its length is equal to a half of this side. 


12 ABC is a triangle, D 3 AB where 3 AD =2 DB and E ə AC. where 5 CE 3A C and 
"AX is drawn to intersect BC at X. If AF Sem and AX = 20cm where F a AX. Prove 
that the points D, F and E are collinear. 


43) ABC is a triangle, D ə BC. where == = 3 and ES AD. where = AE is drawn to 


intersect AB at X, DY // CX and intersects AB at Y. Prove that AX = BY. 


44 ABCD is a rectangle, its diagonals are intersected at M. E is the mid point of AM , F is the 
midpoint of MC. DE is drawn to intersect AB at X and DF is drawn to intersect BC 
at Y. Prove that: XY // AC. 
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Parallel 


is Write what each of the following ratios equals using the figure opposite: " 


A * 8 ic E 
MA MD . 
97 D AB ^ DE 
MB MC MF 
© AB ^ DE U 
DELE 1 Dr LAC 


46 In each of the following figures, calculate the numerical values of x and y (lengths are 
measured in centimetres) 


A , B c 
- " E 
1 12 
y 
o n +? ae 
:*2 à at 


B 2*2 * 
17 In the figure opposite: 
AB N CD ={M}, Es MB, 
F » MD and AC // FE // DB. 


Find: 
A The length of MF. 
B The length of AM. 


48) "AB MCD = (El. IS AB. y > CD and XY // BD // AC 
Prove that: AX x ED = CY x EB. 

(19) In each of the following figures, calculate the numerical values of x and y: 

B ^ 


20 ABCD is a quadrilateral in which AB // CD, its diagonals intersect at M and E is the mid 
point of BC . EF // BA and intersects BD at X, AC at Y and AD at F. 
prove that: 
1 AY — BX 
DEP GR B = oW 
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3-2 
You will learn 5 


ee eee e en 1. Draw the triangle ABC, and draw AD to intersect BC at D. 


ot triangles . 
+ Une pruportion to calculate. 2- Measure each of BD. CD. AB. AC. 
the lengths of ûne segments BA 
resting tom seeing —— F- Calculate each of the two ratios BP, 25 
Xia es and compare between them. 
„ Modeling and solving Me 
problems inching bisectoes of What do you deduce? 
— 4- Repeat the previous work many times. A 

Does your deduction verify? Express 

your deduction. 
Key-terms o Bisector of an Angle of a Triangle 

o 
^ Besector 
eee of the triangle internally or externally into two 
i parts the ratio of their lengths is equal to ratio of 
the lengths of the other two sides of the triangle. 
F 
Fipe (it) 
A 
E 
Materials 
Cc D 
b Geometrie = Tor — 
ium Given: ABC is a triangle, AD bisects < BAC 
+ Computer wd Graph pogran, (internally in figure A , externally in figure B). 
+ Data shis, . BD _ AB 
.f. p.: c = AC 
Proof : Draw CE // AD and intersects BA at E. Follow the following 
chart and write the proof. 
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Cc 
! \ 


Hl 
N 


Z-1 


AD bisects “ 


N 
ti 
N 
he t 
f * 
w 
-——— lli 


A ——— eo 
GE // AD 
238 22 
(carrespornting) — — 
BD AE — AC BD AB 
— = —— 
DC — — DC AC 


(1) ABC is a triangle in which A B = Sem , AC = 6cm , BC = m. AD bisects “ BAC and 
intersects BC at D. Find the length of DB, DC 


8c 


2 . DB _ AB 
.' AD bisects BAC 85 AC (Iheotem) 
- - , 8 4 
AB Sem. AC em "Dc^673 
BC=BD+DC=Tem 56 3 
3BD 28 -4 BD (cross multiplicatis) 
TBD » 28 „ BD Am. CD = gem 
® Try to solve 
® In each of the following figures, find the numerical value of x (lengths are measured in 
centimetres) 
A ^ B 
e is 
C B 


2 ABC is a triangle. Draw DB bisects “B , intersects AC at D, where AD = Idcm, 
DC = 18cm. If the perimeter of ^ ABC equals 80cm, find the length of each of: BC. AC. 


@ Solution n 
In ^ ABC 
"PE — 4 2 Pl . AB _ AD 
+ DB bisects / B BC DC 


the perimeter of AABC = Sm. AC = 14 + I8 = 32cm c 
LAB + BC = 80- 32 = 48cm 
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colli < . AB« BC 7 
“os 79 EE uM 2f (properties of proparton) 
then 58 18 „ BC =27em , ABz2lcm 

& Try to solve 


D ABC is a right angled triangle at B. draw AD bisects A. and intersects BC at D. 
If the length of BD equals 24cm, BA: AC = 3: 5, find the perimeter of ^ ABC. 


1- Inthe triangle ABC where AB # AC: 
If AD bisects ." BAC, >> 
AE bisects the exterior angle of the triangle at A. 


E Ç 5 [E 
then 28 = BE 


i.e. BC is divided internally at D and externally at E by the same ratio 
then the two bisectors AD and AE are perpendicular. why? 


2- If AB > AC and the bisector of A intersects BC at D where BD > DC. The bisector of 
the exterior angle of the triangle at A intersects BC at E where BE > EC. 


Critical thinking 
> What happend to the point B, when AC is enlarged? 
> When does the point D lie if AC = AB? and what is the position of AE. w.r. to BC at then? 


> What is the relation between DC and DB, when AC > AB? Where does the point E lie at 
then? Compare your answer with your classmate. 


(3) ABC is atriangle in which AB = 6 cm, AC = 4 cm , BC = Scm. AD bisects A and 
intersects BC at D, AE bisects the exterior angle at A and intersects BC at E. Calculate the 
length of DE. 

@ Solution 
V bisects A and AE bisects the exterior angle at A F 
D. and E divide BC internally and externally by the same ratio. 


„BC = HD DC - 5. BE-EC=BC=5 — $m — 
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= 5 8&8 * = 
+06 = 3s S28 -.DC=2 
BE-EC _ 3-2 US E" 
EC 2 ec™2 = 
then DE = DC + CE DE =2 + 10-2 12cm 
— 


& ABC is a triangle in which, AB = 3cm, BC = 7cm, CA = 6cm. AD bisects Z QA and 
intersects BC at D, AE bisects the exterior angle of the triangle at A and intersects CB at E. 


A Prove that AB is a median in the triangle ACE. 
B Finding the ratio of area of ADE to the area of ACE, 
Finding the length of the interior and the exterior bisectors of an angle of a triangle 


If AD bisects .^ A in ^ ABC internally and intersects BC at D 
then: AD = (AB = AC - BD < DC 


Given: ABC is a triangle, AD bisects “ BAC internally, AD N BC = (D) 
R. t. p.: (AD) = AB AC - BD = DC E 


Proof: Draw a circle passes through A AB C 
and intersects AD at E, draw BE ^ i — 8 
then: A ACD — A AEB (why)?, 42 = ^C 
AD AE = AR AC 


AD «(AD + DE) = AB AC 
(ADF = AB AC AD DE 


(AD) = AB» AC - BD « DC r 
H * - x - x 
i.e.: AD = ,/ AB = AC - BD = DC AD> DE = BD - DC | 


4 ! ABC is a triangle in which AB = 27cm, AC = 15cm. AD bisects “ A and intersects BC at D. 
If BD = 18cm. Calculate the length of AD. 


@ Solution 
. , , BD _ AB 
. AD bisects BAC "fc" ac 
18 _ 27 . $ 
de ,.DC-I0cm 


“AD=/AB«AC- BD« DC 
SADS4/2-*15-18*102 /225 = 15cm 


& Try to solve 
a In each of the following figures (lengths are measured in centimetres), Calculate the 
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value of x and the length of AD 


Notice that; In the figure opposite AE bisects 
Z BAC externally and intersects BC at E. then: 


AE = /BE - EC -AB < AC 


& Try to solve 


y In each of the following figures (lengths are measured in centimetres), Calculate the 
value of x, and the Ingth of AE 


(5) In the figure opposite: AD is a median in ^ ABC 


DX bisects ADB. and intersects AB at X. 


DY bisects ADC and intersects AC at Y. Uu 
Prove that: XY //BC. n D 2 


@ Solution 
E -nY hi * AD . AX 
In ^ ADB: +. DX bisects / ADB Ds "X8 (1) 
In A ADC: * bisects ADC nEn (2) 
In ^ ABC: *. AD is a median DB = DC ET 


AX _ AY 
from (1), (2) and (3) 1 vc 
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€ Try to solve 
© In each of the following figures, prove that: EF // BC 
B a 


Logical thinking — 
In the figure opposite De BC. 
How can you draw CE to intersect BA at E to calculate 
the ratio zc? 
BD _ BA à 
1 55 Ac: What do you deduce’ 


Special cases 
1- In ^ ABC: 
— BD BA 
1 De BC. where == = AG 
then: AD bisects.“ BAC 


then: AE bisects the exterior angle of A ABC 
at A , and it is defined by the converse of the previous theore: 


2- In the figure opposite: E S 
BE. CE are bisectors of angles B and C 
intersecting at the point E € AD. What do you deduce? 


Fact; The bisectors of angles of a triangle are concurrent. 


— ATTN 


C D 
6 ABC is a triangle in which AB = 18cm, BC = 15cm, AC = 12cm, D € BC, where BD = 9cm, 
AE L AD and intersects BC at E. prove that AD bisects BAC, then find the length of GE. 
[ 3 Solution A 


. AB. 18 3 
In A ABC: e = 12 "2 


CD = BC - BD= 15-92 6cm 


, BD 

1 E C D B 
..BD _ AB an 5i 7 

* DC AC AD bisects / BAC 

+," AE L AD and intersects BG at E 
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T bisects the exterior angle of A ABC at A then Æ = 48 


Ac 
BER . +CE_ 18 2 
+ BE=BC-+ CE an” ane CE = Mem 


o ABCD is a quadrilateral in which AB = 18cm. BC = 12cm. E € AD where 2AE 2 3 ED, 
EF // DC and intersects AC at F. prove that BF bisects ABC. 


(7) 4B AB is a diameter of a circle, AC is à chord in it. CD is a tangent drawn to the circle at C. 
and intersects AB at at D. 


if E € AB where EF = OZ prove that: 
A AC bisects the exterior angle of CDE at C. B $t 


1) C 


'. CB bisects .^ Cin A DCE, 
i is a diameter in the circle A 
^. m G^ ACB )=90" then CA 1 CB 
*.' CB bisects C in A ABC 
is the bisector of the exterior angle at C 

(the bisectors of the angle are perpendicular) (first required) 
then 2A = 26 (2) 


, DA _ DB 
from (1) and (2) we get: TE = BE 


QA 

= (second required) 
& Try to solve 

® Two circles M and N touch externally at A. A straight line is drawn parallel to ) MN and 


intersects the ci circle M at B and C and the circle N at D, E respectively. if BM N EN ={F} 
, prove that AF bisects “ MEN, 


problem solving; The figure opposite shows a rectangular piece p 
of land is divided into four different parts by the two lines BD and 
AE, Where E € BC, BD N AE = {X}. 

If AB = BE = 42metres, AD = 56 metres. 

Calculate the area of the piece ABX in square metres and the 
length of AX. 
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„Angle Bi 


e! € 8 


(1) In the figure opposite: AD bisects .^ A. Complete: 


BD AC 
c * D AB-CD- C 8 
(2) In each of the following figures: find the value of X (lengths are estimated in centimetres) 
A 


(3) ABC is a triangle. its perimeter is 27cm. BO bisects .^ B and intersects AC at D. 
If AD dem and CD = Sem, find the length of AB . BC and AD 


(4) In each of the following figures, find the value of x then find the perimeter of ^ ABC. 


A ^ B A c 4 
D 
7 » ^ g $ 
c - 
c 1 D 7 B 0 7 B D * . 
5 ABC is a triangle in which AB = Sem. AC = 4em and BC = 6em and AD bisects “A 
and intersects BC at D and AE bisects the exterior angle at A and intersects BC at E. 


Find the length of DE, AD and AE. 


(6) In each of the following figures, prove that XY // BC 


A 0 ôm B e 
^ D 
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(T) In each of the following figures, prove that BE bisects “ ABC. 
A A 


Tem 


D'^7- C 


(8) In the figure opposite: FED XY // BC and 
AD « BX = AC x EX. 


E 
D 
Prove that AY bisects .“ CAD. 


(9) ABC is a triangle, D ə BC , D # BC where CD = AB. 


CE // DA and intersects AB at E. EF // BC and intersects AC at F. Prove that BF 
bisects 2 ABC. 


10 In the figure opposite: ABC is a triangle in which AB = 6cm, AC = 9em and 
B Clem. D » BC where BD = 4em . 
BÉ L ‘AD and intersects AD and AB at E and F respectively. 
A Prove that AD bisects “A, 


B Find area of (A ABF) : area of (A CBP) 
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You will learn 


— + Find the power of a pour wt, 


How can we construct a line segment such that its length | is a middle sathe cme. 

proportional of the lengths x and y for the given line segments? * Determine the posti of a 
port wu, t the cie 

+ Final the memures of the 


resulting angles from the 
intersection of chord and 


tangents in the cite, 
+ Madetng sui iching problems 
to fied the length of the 


25 , > _ AD intrernal and external bnector of 
< A ADB ~ AACD (Why?) "*'AD AC the angie. 


then 7 z i ,P=x~y be lis a middle proportional to x and y 


CES — 


Construct a line segments of lengths 4/3 , 15 and /24 0 funr el a pabà 
Compare your drawing with your classmate and check your answer Orde 
using the calculator and measurement. PM 
* Tange 
First : Power of a point with respect to a circle * Secame 
* Ouametes 


Power of the point A w.r. to the circle M whose 
radius r is the real number P,(A) where: 
P(A)= (AM? -r 


Materials 
7 * Geometra instruments for 
Note 1 Craven) and measurement 


You can expect the position of point A w.r. to the circle M 
If; P. (A= O then A lies outside the circle. 

PAY = then A lies on the circle. 

P., (A) O then A lies inside the circle. 
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(1) Determine the position of each of the following points A, B and C w.r. to the circle M in 
which its radius equals Sem, if : 
P(A)= 11 . P,(B) 70, P, (C) 7-16, then calculate the distance between each 
point to the centre of the circle. 


@ Solution 
PLLA) 211 70 A lies outside the circle 
„ FCA) =(AMF -r AM = (AMF -25 SOAM = 6cm 
* Py (B)=0 h lies on the circle ^. BM = 5em 
„ (C) =-16 C lies inside the circle 
V Pa (O= (CM) -r „ -16 = (CMy - 25 “CM = Xm 
C Try to cctv 


G Determine the position of each of the following points A, B and C w.r. to the circle N in 
which its radius equals 3 em in each of the following cases. 


A P. (A) 2 15 B P.(B)=0 C P,(C) 2-4 
"us (AP 
If the point A lies outside the circle M ` 


then : P. (A) = (AM} - P 
=(AM-r) (AM + r) 
= AB « AC = (ADP 
Length of the tangent drawn from A to circle M = / PLA) 


Note 3 

If the point A lies inside the circle M, then: P (A) = (AMY -r 
=(AM - r) (AM +r) c j^ 
=~ (r-AM)(AM +r) "We c 
=- AB AC 

dene  AiesinsidedirleM 

D c 
T 
N m 0 


P(A) = AB « AC AB «AC ADY P(A) =- AB «AC =-AB «AC 
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2 The radius of circle M equals 3em. The point A lies at 23cm distance from its radius 
centre. Draw the chord BC where A € BC , AB = 3 AC. Calculate: 


A length of the chord BC and the centre of the circle. 
B The distance between the chord BC 


@ Solution 
In the circle M: 
A r 3lem, AM z23em, A € BC 
A lies inside the circle, then B 
PA) = ANY = AR ANC 
(y - {31} =-3ACxAC ..ACz 12cm c 
Length of the chord BC 24A C 24 « 12 = 48cm 


B let the distance between the chord and the centre of the circle be MD where MD L BC 


MD 1 BC ^. Dis midpoint of BC , then BD = 24cm 
„ (MDY = (31)! - (24y = 385 ^. MD = ¥385 = 19.6cm 
& Try to solve 


2 The radius of circle N equals cm. The point B lies at 12cm distance from its centre, draw 
à straight line passes through the point B and intersects the circle at C and D. where CB = 
CD. Calculate the length of the chord CD and its distance from the point N. 


(3) Two circles M and N are intersecting at A and B. C € BA, C € BA, draw CD to intersect 
the circle Mat D and E where 
CD = 9cm, DE = 7cm, draw CF to touch the circle N at F. 


A Prove that P (C) = PC). 
B if AB = 10cm. Find the length of each of AC and CF. 


@ Solution 
A C lies outside the circle M, GE and CB are two secants to the 
circle M. 
^L PUC) S CD = CES CA = CB (1) 
C lies outside the circle N, CB is a secant, CF is a tangent toit. © 
“. P (C) = CA « CB = (CFF (2) 
from (1) and (2) .", P (C) = P(C) =9 x 16 = 144 
B ++ AB = 10cm ^ PAC) = CA (CA + 10) = (CFP = 144 
“(CAP + 10 CA = 144 CA Sem 
“(CFP = 144 CF = 12cm 
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The of points which have the same power with respect to two distinct circles is called the 
principle axis of the two circles. 

if P (A) = P(A) then A lies on the principle axis of the two circles M and N. 

In the previous example, notice that : P(C) = P(C), P, (A) = P (A) = zero , P, (B) = P (B) = zero 
^ AB is the principle axis to the two circles M, N, 


& Try to solve 

& The two circles M and N are touching each other externally at A, AB is a common 
tangent to the two circles M, N. BC intersects the circle M at C and D, BE intersects the 
circle N at E and F respectively . 
A Prove that: AB is the principle axis to the two circles M and Nx 
B If P, (B) 2 36, BC 4em , E F 7 9cm. Find the length of CO, AB and BE. 


Second: secant, tangent , and measures of angles 

You have studied before: 

1- The measure of an angle formed by two chords that intersect inside a 
circle is equal to half the sum of the measures of the intercepted arcs. 
In the figure opposite: AB (1 CD = (E) 


then: m (< AEC) 2 |m (AC) + m CD 


2- The measure of an angle formed by two secants drawn from a point 
outside a circle is equal to half the positive difference of the measures 
of the intercepted arcs. 


In the figure opposite: AB N CD = (E) 
1 — — t — ( 
then: m (< AEC) 2 2| m( AC) - m( DB )] T 
& Try to solve "Ie 


4 In each of the following figures: Find the value of the symbol used in measure. 


Investigating measure of the angle resulting from the intersection of a secant and a 
tangent (or two tangents) to a circle . 


Mathematics - First form secondary October Engineering Press 


First case: Intersection of a secant Second case: Intersection of two 


and a tangent to a circle, tangents to a circle. 
D D 
x C 
Cc 
^ B 
A 

Dh is an exterior angle of A ABC "tz DCB is an exterior angle of AABC 
<. MZA) = m BCD) - m7 CBA) z^ mU A) = mc^ BCD) - mi^ CBA) 

m BU Am =}m( BXC)-Zm( BC) 

=}|m( BO ) - m BC | =} {mi BXC ) - m BC )| 
© Try to sovo 
(5) Use the given data in each figure to find the value of the symbol used in measure. 

B c 
C D 
A 


(4) Satellites; A satellite revolves in an orbit and keeps in during rotation on a fixed height 
above the equator. The camera can monitor the arc length of 6011 km on the surface of 
the earth. If the measure of the arc equals 54° , find : 


A Measuring the angle of the camera placed on the satellite. 
B The radius length of the Earth of the equator. 
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@ Solution 
Modeling problem: C onsider the circle M is the circle of the equator and 
m( BC) = 54", length of BC = 601 1 km. A 


A measure of the circle = 360 
m BOC ) = 360" - 54' = 306" c 
then m (Z A) = 31m BOC )- m BG 

= 3 (306° - 54°) = 126" 
B In the circle , the arc length is proportional to its measure 
: E 
.fQow |. 


z 2. r = 6377.87km 
2*H»*r 300 — — 


radius length of the earth at the equator = 6378km . 


® Try to solve 


8 A pulley rotates at the axis M by a strap passes over a small pulley at 
A. If the measure of the angle between the two parts of the strap is 
40", Find the length of the major arc BC , given that the radius length . 


of the larger pulley equals 9cm. " 
7 In the figure opposite: the radius length of circle M 
equals 9 cm, AB and AC are two tangents to the circle at E 
B and C. AM intersects the circle at D and BC at X . BD A 
is drawn to intersecet AC at E. If P (A) = 144. Find: p É 
A length of AB 


B length of AX. 


Problem solving: the figure opposite illustrates a plan 
of a circular garden. Two corridors are established for 
pedestrain Crossing tunnels, one of them is outside the 
garden and touches it at the point B. while the other one 
intersects the garden at two points C and D. The two 
corridors are intersecting at A. 

If P {A ) = 100, AC = 5 metres. 


find the length of AB and CD, then find m( BD ). 
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2 Exercises (3 - 3) 


D Determine the position of each of the following points with respect to the circle M, of 
radius length 10cm, then calculate the distance between each point from the centre of the 
circle, 


A P = 30 B p (B)=% C P (C) = zero 


(2) Find the power of the given point with respect to the circle M which its radius length is r: 
A The point A where AM = 12cm and r = 9cm 
8 The point B where BMz 8 em and r= 15 cm 
C The point C where CM 7 em and r z 7 cm 
D The point D where DM= N em and r & 4 cm 


(3) If the distance between a point and the centre of a circle equals 25cm and the power of this 
point with respect to the circle equals 400. Find the radius length of this circle. 


(4) The radius length of circle M equals 20cm, A is a point distant 16cm from the centre of the 
circle, the chord BC is drawn where A 5 BC and A B 22A C, Calculate the length of the 
chord BC. 


(5) In the figure opposite: the two circles M and N are intersected at A and B 
where AB N CO N EF ={X},XD=2DC, EF = 10cm and 
p. (X) = 144. 
A Prove that “AB is a principle axis to the two circles M and N. 
B Find the length of XC and XF 
C Prove that CDFE is a cyclic quadrilateral, t 
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6 Use the given data of each figure to find the value of the symbol used in measurement, 


A D 100 B D A 
o 
n ^ thy c 
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Applications of 


7 in the figure opposite: m(. B A C) = 33, E DC) = 70", 
m( AB ) = 94", X( CY )= 100° Find the measure of each of: 
A xY 


B AX 
C Z BEC 


O Industry; Acircular saw for cutting wood, the radius length 
of its circle equals 10cm. It rotates inside a protective 
container. If m(.“ BAD) = 45" and m( BD ) = 155° Find the 


arc length of the disc's saw outside the protective container. 


(9) Communication; The signals produced from the 
communication tower follow a ray in their pathway, its starting 
point is on the top of the tower and it is a tangent to the surface 


of the earth, as in the figure opposite. Determine the measure 


of the arc included by the two tangents supposing that the 
tower lies at sea level, and mi ^ CAB) = 807 


(CU Enrichment information 


Please visit the following links. 


12 
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General Exercises 


For more exercises, please visit the website of Ministry of Education. 
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Unit summary 


Theorem 1: If a line is drawn parallel to one side of a triangle and intersects the other two 
sides, then it divides them into segments whose lengths are proportional. 


Corollary: If a straight line is drawn outside the triangle ABC D E A 
parallel to one side of the triangle, say BC intersecting AB 4 
and AC in D and E respectively as shown in the figures 
AD _ AE e 7 
AC < AB 


Converse of theorem 1: If aline intersects two sides of a triangle and divides them into segments 
whose lengths are proportional, then it is parallel to the third side of the triangle. 


Talis theorem : Given several coplanar parallel lines and two transversals, then the lengths of 
the corresponding segments on the transversals are proportional. 


Special cases 
1- If the two lines M and M` intersect at A and 86 // CC. then: $Ë = 
if: ten: B8 / CC 
and conversely, if: AG he then: BB’ // CC’ A 
2- 1 1, / , / L,/L,. WU X m 


* 
Where M and M` are two transversals to them, and: AB = BC = CD 2 i 
AM —— a D 
then: AB = BC 2 CD 1 
Theorem 3: the bisector of the interior or exterior angle of a triangle at any vertex divides the 
opposite base of the triangle internally or externally into two parts, the ratio of their lengths 
is equal to ratio of the lengths of the other two sides of the triangle. 


Important Note: In the figure opposite 
1- D divides BC internally, and E divides BC externally in the same ratio > 
BD . BE 
then DC = tC 
2- The two bisectors : ADand AE are prependicular i.e. ADL AE € C ü E 


If AB > AC, the bisctor of A intersects the side BC at D, where BD > DC „the bisector 
of the exterior angle of the triangele at A intersects BC at E, where BE > EC. 


4 AD = /BA«BC-DB-DC 
5- AE = BE = EC BA = BC 


e 
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nit summary 


Special cases of the converse of theorem (3) A 
1- In A ABC: 
BA 


— 80 BA 

I De BC where 5 1 

then: AD bisects “ BAC c D B 
2 2 BE BA 

n 

then: AE bisects the exterior angle of ^ ABC at A. 


2 - Fact: Bisectors of angles of the triangle are intersected 
First: Power of a point with respect to a circle s - " 
power of the point A with respect to the circle M whose radius equals r is the real number 
P (A) where: 
PU(A) =(AMP - P 
if P (A) then A lies outside the circle M 

P (A) = then A lies on the circle M 

P(A) <0 then A lies inside the circle M 


Second: Secant , tangent and Measures of angle. 
1- Measure of the angle resulted from the intersection of the secants in the circle: 


A Inside the circle B Outside the circle: 
D c 
A 
D 
c A 
E 
m AEC) = 21m AC) m DB )| mi^ AEC) =} {m(AC) - m( DB >| 
8 


2- The measure of an angle formed by a secant and a tangent 
to the circle 


m^ A) = jim B0 ) - m( BC )] 


3- The measure of an angle formed by two tangents to the circle, a 
m( ZA) 2 21 [m BXC ) - m BC )| 


Student book - First term 


By 


the end of the unit, the student should be able to: 


Recognize the directed angle 
Recognize the standard position of the directed angle 


Recognize the positive and megative measure of the 


directed angle 


Recognize the type of measuring angle (degree amd 
tidian memaurs ! 

Recognize the radian measure of the central angles in 
circle 


Use the calculator to carry owt the special mathematical 
eperabon, converting from the radian to the degree 


measure and vice versa 
Recognize the triangonometric fumctions 


Determine the signs of the tngoeometne functions m the 


foer quadrants 


Deduce the set of equivalent angles whech have the same 


tngeoeometne Tunctins 


Reo nie the trigonometric ratios of an acute aed any 
angle 


Deduce the trigonometrie rates bo some special angles 


5 


Ogre Messine 


Pentire Menue 


aaju Measure 


, Negative Measure 
Decus Angie = "T 


Marte Eqparealert Argie 


Quadrant Angle 


Recognize the related angles (180° + 60, (360° + 6), 
(90* + &, and (2M + 0) 


Cine the general solution to the Ingoemometnc equations 
in the form : Sin AX 
tun AX = cot BX 


Find the measure of an angle gives one of sis 


cos Bx 


Sec AX = CSC BX 


ingonometne ratos 


Recognize the graphic representation 10 the sine aed 
cosine functions, and deduce the properties of each of 


them 


Use the scientific calculator to calculate the 
irkgonometre mos of some special amgles 

Model some of the physical aed life phenomena which 
are represented by the trigoeometnc fenctions 


Use mnformatios technology to recogmite the multiple 


applications of the bassc concepts of trigonometry 


Tegonomenn Function Cosecant 
"e Lat 
done WAQG 


irculus Funcor 


Lesson (4-1k Directed Angle 

Lesson (4-2): Systems of Measuring Angle. 

Lesson (4-3): Trigonometric Functions 

Lesson (4-4) Relations between Trigonometric 
Functions 

Lesson (4-5); Graphing Trigonometric Functions 

Lesson (4-6) Finding the Measure of an Angle 


Given the value of one of its ratios 


Scientific calculator Graph calculator 


Squared paper - Computer - Graphic programs 


T M 

Trigonometry is one of the branches of \ 
mathematics. It specializes in calculations — 
among the measures of angles of the triangle [ 1 - E: d 
and the length of its sides. This science — —— 
emerged within the ancient mathematics $ v 
especially with regard 10 the calculation andar! pomtion ei D trench 
of astronomy in which our ancestors è — i dm ad 
were interested in as they watched and pun means — P — * 
contemplated the universe and the movement ' $ 1 sind 1 1 — Triges R 
of the sun, the moon, the stars, and the t . ' = ^4 ; E 
a —— — a 

The Arab mathematician Nosir = — — 
eldin Altousi is the first to separates the — Arig Oa 
trigonometry from the astronomy | t — e 

EL Fe pt ee ot dans - 

Trigonometry is one of the sciences the \ : 1 — j 

arabs were intersted in the arab scientist OR — 


Abual - Wafa Buzyaty (940-998 AD) in the 
tenth century describes the terminology * the tangent " and this term is taken from the 


shadows objects which formed as a result of validity of the emitted light from the sun in à straight lines 


Arabs have many additions im the plane and the circular (wr. to the sphere) trigonometry, we stermesm we 
taking from them important information, and they added to it two much until trigonometry became including many 
mathematical researches, and its applications have become in various scientific knowledge amd practical , amd also 


contributed to the advancing the progress and prosperity 


b Scientific Cateulstor, 
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The angle has been defined before as the 
union of two rays with a common vertex. 
In the figure opposite, the common point 
B is called «Vertex» of the angle and the 
two rays "BA and BC are called "sides" 
of the angle. 

ie: BA U BC 2 ^ ABC) 

and is written as ABC . 


Degree Measure System 

You have known that the degree measure depends on dividing the 

circle into 360 equal arcs in length, then: 

1- The central angle subtends one of these arcs, its measure equals 
one degree (17) 

2- Each degree is subdivided into 60 equal divisions , each division 
in called a minute and is denoted by (1) 

3- Each minute is subdivided into 60 equal divisions, each division 
is called " a second" and is denoted by (1) 

be: 1° -60 and 1' 260 


nn Directed Angle 


We shall now put a further emphasis on the 
order of the two rays forming the angle, 
then it is written in the form of an ordered 
pair (GA. OB) where DA is the initial 
side and og is the terminal side of the 
angle of vertex O as in figure (1) . 8 
If the initial side is og and the terminal side J^ 

is QA. then it is written as ( OB. OA) in DA 
figure (2)). 


Figue(2 ^ 
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the directed angle is an ordered pair of two rays called the sides 
of the angle with a common starting point called the vertex. 


critical thinking: 
> Is( CA: 8 — 'OB. aA)? Explain your answer. 


Standard position of the directed angle 

An angle is in the standard position if its vertex is the 
origin of rectangular coordinate system, and its initial side 
lies on the positive direction of the x-axis. 


Is the directed angle .^ AOB in the standard position? 
Explain your answer. 


** 


Oral exercises 
Which one of the following ordered pairs expresses a directed angle in its standard position? 
Explain your answer . 


A (CA. CD) B (0A Or 
© (OE. OA) D (S. OG) 
E (og 568 F (A. 6 
€* Try to solve 1 ' 


1 Which of the following directed angles is in the 
standard position? Explain your answer. 


PER 
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Positive and negative measures of a directed angle 

In figure (1) the directed angle, resulting from an anticlockwise rotation has a positive 
measure. 

In figure (2) the directed angle, resulting from a clockwise rotation has a negative measure. 


B (o. c p 9? 
9 - im 
" M 


— 


e Solution 

We know that the sum of measures of accumulative angles around a point equals 360 
A Direction of the angle @ is a clockwise direction m 8) = - (360° - 55°) = - 305° 
B Direction of the angle O is an anticlockwise direction m( .^ 0) = 360° - 33° = 327° 
C Direction of the angle @ is an anticlockwise direction m(_< 0) = 360° — 125° = 235° 
D Direction of the angle @ is a clockwise direction miZ 0) =- (360° — 134") =- 226" 


®& Try to solve 
e Find the measure of the directed angle O in each of the following figures: 


Angle's position in the orthogonal coordinate plane: 
>» The orthogonal coordinate plane is divided into four 
quadrants as in the figure opposite. 
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> If the directed angle AOB in the standard position and its positive measure is (0), then 
its terminal side og lies in one of the quadrants: 


> If the terminal side og lies on one of the two axes, then the angle called (Quadranal angie), 
and the angles whose measures 0°, 90°, 180°, 270°, 360° are quadrantal angles. 


2 y "een the quadrant i in which each of the following angles lies: 


(48 B: 217 € 135° D 295° E 270 
e: Solution 
A 0 < 48° c9 then it lies in the first quadrant. 
B. 180° < 217 < 270° then it lies in the third quadrant, 
€ 90" < 135" < 180° then it lies in the second quadrant. 
D 270° < 295° < 360° then it lies in the fourth quadrant. 
E 270° is a quadrantal angle. 
®& Try to solve 
© Determine the quadrant in which each of the following angles lie: 
A ss B! 152" C 180° D 300° E 196° 


> If (0^) is the positive measure of the directed angle, 
then its negative measure equals (0" — 360") 


> If (- 0^) in the negative measure of the directed angle, 
then its positive measure equals (- +360") 
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(3) Determine the negative measure of the angle whose measure 275^. absolute value of 


EN Soluti each of the positive 

i and negative measure 
The negative measure of the angle (275 = 275° — 360° z — 85" of the directed angle 
Check: [275] -|- 85"| 2275 « 85" = 360 equals 360° 

&. Try to solve 

C Determine the negative measure of the angles whose measures as follows: 
A 32 B 270° C 210° D 315° 

(4) Determine the positive measure of the angle of measure -235* 

@ solution 
The positive measure of the angle (- 235") = 360° - 235° = 125° 
Check: |-235"| + |125"| = 235° + 125° = 360° 

€ Try to solve 

(5; Determine the positive measure of each of the following angles : 
A -57 B -126 C -90 D -320 

® Sports; One of the disc players spins by an angle of measure 150° draw the angle in the 
standard position. 

Equivalent angles 


Study the following figures and determine the directed angle (0) in the standard position in 
each figure, what do you notice? 


figure (4) 


figure (1) figure (2) 


In the figures (1) , (2), (3) and. (4), we notice that the angle (0) and the angle drawn with it 
have the same side OB. 

figure (1): the angle of measure Ó is in the standard position. 

figure (2): the angles 0 , 0 + 360° are equivalent. 

figure (3): the angles 0 , 0 + 2 « 360° are equivalent. 

figure (4): the angles 0 , 360 — 0) = 0 — 360° are equivalent 
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From the previous, we deduce that: 

When drawing a directed angle O in the standard position, then all angles whose measures : 
0 t 3 or 0*2-39Y or 0 £ 300 or... or O-n = 360" where ne Z 

have the same terminal side are called equivalent angles. 


5) Find a positive and a negative measure of an angle co-terminal with each of the following 


angles: 
A 120° B -230 
a> Solution 
A An angle of positive measure: 120° + 360" = 480° (add 360") 
An angle of negative measure: 120° - 360" 2 -240* (subtract 360°) 
B An angle of positive measure: -230 + 360° = 130° (add 360°) 
An angle of negative measure: -230 - 360° = -590* (subtract 360°) 


Think; Are there other angles of positive measure and others of negative measure? Mention 
some of these angles if exist. 


& Try to solve 


O Find a positive and a negative measures of an angle co-terminal with each of the following 
angles: 


4 40 B isy €. ~ 125° D 240 E -180 


® Discover the error; all the measures of the following angles are equivalent to the angle 
of measure 75° in the standard position except: 
A -285° B .645 C 285° D 435° 


2 Nock your understanding 


o Determine the quadrant in which each of the following angles lies: 

A 56 B 325 C 570° D i66 E 390 
(2) Determine a negative measure of each of the following angles of measures: 

A 43 B 214 C. 125° D 90* E 312° 
(3) Determine the smallest positive measure of each of the following angles: 

A -56 B 215 C 495: D 930° E -450 


— W 


QU eee 0 


1 Complete: 


A 
B 
c 


A directed angle is in the standard position if 

It is said that the directed angles in the standard position are equivalent if 

A directed angle is positive , if the rotation of the angle and is negative, 
if the rotation of the angle 

If the terminal side of the directed angle lies on one of the coordinate axes, then it is 
called 

If (8) is the measure of a directed angle in the standard position and n € Z. then 

(0 + n = 360") is called angles. 


The smallest positive measure of the angle whose measure 530° is 


The angle whose measure 930". lies in the quadrant, 
The smallest positive measure of the angle whose measure —690" is 


2 ) Which of the following directed angles is in the standard position 


A 


Y y 
(3) Find the measure of the directed angle @ in each of the following figures: 
VA J l aa UN a 
* 
e 


J 


C Determine the quadrant in which each of the following angles lies on: 


A 


24 B 215 Cc -40 D .220 E 640 
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(5) Show by drawing each of the following angles in the standard position: 


A 32 B 140° C .so D -110 E 3157 
6 Determine a negative measure for each of the following angles: 

A 83° B 136" C oy 

D 264 E 964 F 1070 


(7) Determine the smallest positive measure of each of the following angles: 
A -183° B 217 C 315° ! 

(8) In the figure opposite: which of the directed 
angles in the following ordered pairs is in the 
standard position? why? 
A (OK, OD) 


D -570° 


' A gymnasts spins on the gaming device by an angle of measure 200°, Draw this angle in 
the standard position. 


10 Discover the error; Write a smallest positive and another smallest negative angle shar 
with the terminal side of the angle (- 135") 


the smallest angle with positive measure = 


the smallest angle with positive measure = 
-135° +180" = 45* 


-135* +360° = 225° 
the smallest angle with negative measure = 
-135* - 180° = -315* 


Which of the two answers is correct? Explain your answer. 
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4-2 


You will Learn 


b Concept of adian mean of 
an angie. 

* Retation between radian and 
degree meas. 

* How 10 fied The length of an 
arc i^ a cie. 


Key - Terms 


„ Degree Mean 
» Radian Meature 
^ Radian Angie 


b Scientific Cateulstor, 
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You have known that the degree measure is divided into degrees, 
minutes, and seconds, and one degree = 60 minutes , and one minute = 
60 seconds. 

Are there other measurements for the angle? 


Radian Measure 


1- Draw a set of concentric circles. 


2- Find the ratio of the length of the arc and 
the length of the radius of its corresponding 
circle - what do you notice? 

We notice that the ratio of the length of the arc of any central angle, 

and the radius of its corresponding circle equals constant quantity. 


ies length ot A, B, ~ length of A,B, = length ot As Bs = constant quantity, 
MA, MA, , xe z 


and this constant is the radian measure of the angle. The radian measure 
of the central angle (^^), length ot the arc which the centrai angle subtends 
Radius of this circle 


If O is the radian measure of the 

central angle in a circle of radian t 
r subtends an arc of length /, then 

length of the arc equals the product of 

the radian measure of the central angle 

and the radius of its circle: 


From the definition we deduce that: 
t20".t -—— d 
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And the unit of measuring angles in the radian measure is the radian angle which is denoted 
by (1™) and is read as one radian. 


Radian angle 
It is a central angle in a circle subtends an are of 
length equals the radius of this circle. 


Critical thinking; Is the measure of the central angle in a circle is proportional to the length of 
the opposite arc? Explain your answer. 


u A circle of radius Sem. Find to the nearest hundredth the length of the arc opposite to a 
central angle of measure >> M. 


@ Solution 

Use the formula of the length of the arc: ( 207.r 

r=8em , 9 57 . (250.8 ^UE 00470m 
&. Try to solve 


G Find the length of the red arc in each of the following circles approximating the result to 
the nearest tenth . 


Relation between degree measure and radian measure: 
You have known that: measure of the central angle in a circle equals 
the measure of its arc. If the radius of a circle 


ie. The central angle of degree measure 360°, then the length of its m cy vn 
the circle is called the 
arc equals 2 7 r 


unit circle. 
In the unit circle 
N ina radian measure is equivalent to 360° in a degree measure. 


be. — is equivalent to 180". |^ = 189. — 57° 1745” 


If there is an angle of radian measure O™ and its degree measure x^ then: 


. 32. 
100 HU 
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12 Convert 30° to radian measure in terms of 7 . is (Grad) and it equals 

To convert to radian measure we use the formula =o z the measure of 
180 a the straight angle. 

> M x, O, y are three 

. 

180 © degree, radian, and 


& Try to solve 


2 The figure opposite represents the measures of some 
special angles one of them is written in radian outside 
the circle, and the other is written in degree inside the 
circle. Write the corresponding measure of each angle 
in the figure opposite. 


15 Convert 1.2™ to the degree measure. 
@ Solution 

x'm.12-1800 d 

r- 68.75403542 = 68" 45' 18" 


Calculator is used as follows: 


n. D ο ο n ar 


® Try to solve 
e» Convert the measures of the following angles to the degree measure approximating the 
result to the nearest second: 


A 07" B 16 C 205^ D 1.05 


14 Space; A satellite spins around the Earth in a circular path a 
complete revolution every 3 hours, If the radius of the Earth 
approximately equals 6400 km and the distance between 
the moon and the surface of the earth equals 3600km, 
find the distance which the moon covers during one hour 
approximating the result to the nearest km. 
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Q Solution 
The figure opposite shows the circular path to the motion of the 
moon: 


*. length of the radius of the circle of the path of the moon J 


MA-MC-CA 
^ MA = 6400 + 3600 = 10 000 km —-— à 


Ihe moon covers the circular path (complete revolution) in 3 hours which is equivalent 
a central angle of measure 2 7 


he moon covers an arc of length 3 the circumference in one hour, which is equivalent 


a central angle of measure 2% 


We use the formula: (28 xr 
r = 10000 km, G = 27. (2 5... 10000 
(= 20944 km 


45 Sports Games; one of the gymnastics players spins on the play device by an angle of 
measure 200". Draw this angle in the standard position, then find its measure in radian. 


@ Solution 

Draw the orthogonal coordinate axes which intersect at the point O. 

let the player spins by a directed angle AOB : 

Where = (AOB) =(OA, OB) then m ( AOB) = 200 

* 180° < 200° < 270° 

The terminal side of the angle lies in the third quadrant. B 
200° = Er 2 = 3.4% 


4 Try to solve 

(4) Sports; ^ squash player moved in a path is in the shape of an arc in a circle of radius 1.4 
metres and the angle of rotation of the player is 80° Find to the nearest length the length 
of this arc. 


6 Check your understanding 


16 Industry; A disc in a machine rotates by an angle of measure — 315°, draw this angle in 


the standard position. 
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e Exercises (4 - 2) e 


First: Multiple choice: 

(1) The angle of measure 60° in the standard position is equivalent to the angle of measure: 
A 120 B 240" C 300° D 420° 

(2) The angle of measure 32 lies in the quadrant 
A First B second C third D fourth 

(3) The angle of measure GE lies in the quadrant 
A First B second C third D fourth 


n ) If the sum of measures of the interior angles of a regular polygon equals 180° (n — 2) 
where n is the number of its sides, then the measure of the angle of a regular pentagon in 
radian measure equals: 

L4 7m" N 2m 
E -F V g E -3- 

(5) The angle of measure a its degree measure equals 
A 105° B 210 C 420° D 840° 

(6) If the degree measure of an angle is 64^ 48' , then its radian measure equals 

A 0.18 B 036" C 0187 D 0367 


(7) The arc length in a circle of diameter length 24 cm and opposite to a central angle of 
measure 30° is 
A A cm B I em An em D 5 em 


n Ihe measure of the central angle in a circle of radius length 15 cm and opposite to an arc 
length 5zzem equals 


A 30 B 60 C g D 180° 


(9) If the measure of an angle of a triangle equals 75° and the measure of another angle 
equals -ZL then the radian measure of the third angle equals 


a a a 5a 
A — B — c — E AT 
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Second: Answer the following questions: 
10 In terms of A. find the radian measure of the following angles 


A 225° B 24 
C -135° D 30 
E 399 F 780° 
i Find the radian measure of the following angles approximating the result to the nearest 
three decimal places: 
A 56.6" B 25° 18 C 160° 50 48" 


12 Find the dgree measure of the following angles approximating the result to the nearest 
second: 
A (0,49 B 227" c ale 


(13) O is a central angle in a circle of radius r and subtends an arc of length L : 
A If rz 20cm and @ = 78° 15" 20" then find L. (to the nearest tenth) 
B if L=27.3 cm and 0 = 78" 0 24" then find r. (to the nearest tenth) 


14 A central angle of measure 150° and subtends an arc length I lem. Calculate its radius length 
(to the nearest tenth ). 


45 Find the radian and degree measure of the central angle which subtends an arc length 8.7cm 
in a circle of radius length 4cm. 


16 Geometry; the measure of an angle of a triangle is 60° and the measure of another angle 
is T. Find the radin measure and the degree measure of the third angle. 

AD Geometry; the radius length of a circle equals 4 cm. The inscribed angle AB C of 
measure 30° is drawn in it. Find the length of the smaller arc AC 

is Geometry: In the figure opposite: if the area of the right angled C 
triangle M A B at M equals 32 cm’ , then find the perimeter of 
the coloured figure to the nearest hundredth. 


— 


— E 


419 Geometry; the diameter length in a circle equals 24cm and the chord xd is drawn such 
that m (Z BAC}= 50°, Find the length of the smaller arc AC approximating the result to 
the nearest hundredth, 

20 Distances; What is the distance covered by the point on the end of the minute hand in 10 
minutes, if the hand length is 6cm? 


21 Astronomy; A satellite revolves around the Earth in a circular path way a full revolution 
every 6 hours. If the radius length of its path way equals 9000km, then find its speed in 
km/h . 


22 Geometry; In the figure opposite: c 
AB and AC are two tangent segments to circle M, 
miZ CAB = 60 and A B = 12 em. Find to the nearest C» 
integer the length of the greater arc BC . 
B 


23 Time; A sundial is used to determine the time during the day e 
through the shadow length falling on a graduated surface to 
show the clock and its parts. If the shadow rotates on the disc 
by the rate 15° every hour , 

A Find the radian measure of the angle which the shadow 
rotates from it after 4 hours. 
5 After how many hours does the shadow rotate by an angle of radian measure ae ? 


© The radius of a sundial is 24 cm. In terms of . Find the arc length which the rotation 
of the shadow makes on the edge of the disc after 10 hours. 


24 ; A straight line makes an angle of radian measure JI. with the positive 
24 Critical thinking: 3 pa 


direction of the x - axis in the standard position in the unit circle. Find the equation of the 
straight line. 
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You have studied before the basic trigonometric ratios of an acute angle. 
In the right angled triangle ABC at B, we get: 


À * Aroprocals of benc trigonomet- 
opposite side — ag rc functióm. 
sin C. 2 ————— — = 
2 hypotenuse AC * Signs of the tragonormetee 
adjacent side — BC function. 
e hypotenuse TAG * Traponceetric functions of some 
tan C — BE C E ipea angles, 


f- In the figure opposite, express sin C in 
three different ratios. 

Are these ratios equal? Explain your answer. 
* What do you deduce? 


„ 


leti . 


The triangles BAC , EFC and DBC are similar (why?) » sre (un) 
ic .BA £F DB . « 

From similarity * then: KE = Fo = BC = sin 2E (why?) Cosine (cos) 

Le.: the trigonometric ratio of an acute angle is constant and does not ' "9" ~ 

change except the angle itself is changed. í 2 i x 


2- The figure opposite shows a quarter of a circle of radius r cm eee (cot) 
where: m (.^ DOC) 2 0 
sing = 
when m (.^ DOC) increases to d& 
then sin æ = Me 


Le. The trigonometric ratio varies as the 
measure of its angle , which is known as the 
trigonometric functions. 
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The unit circle 
In any orthogonal coordinate system, a circle of centre at the 
origin point and of radius equals the unit of length is called 
à unit circle. 
* The unit circle intersects the x -axis at the two points 
A (1,0) and B (-1, 0), and intersects the y-axis at the two 
points C (0, 1) and D (0, -1). 
If (x. Vj are the coordinates of any point on the unit circle: 
then x € -I. II. y € [- 1, 1]. 
where R y! 2| Phythagorean theorem 


The basic trigonometric functions of an angle 
for any directed angle in the standard position, and its terminal side intersects the unit circle 


at the point. B(x, y) and its measure @ , it is possible to define the following functions: 
1- cosine of the angle 0 = x-coordinate of point B 


B ocv) 
, 
y-coordinate of B 
3- tangent of the angle 0 = -ordinais oi boni E MM 
ie.: where x £0 Z| where cos 0 #0 


Notice that: the ordered pair (x, y) of any point on the unit circle is written in the form 
(cos @, sin 0) 


If the point C (2, 3) is the point of intersection of the terminal side of a directed angle of 


measure @ with the unit circle 
then: cos 8 = 2 i sing = and tan =$ 


Reciprocals of the basic trigonometric functions 
For any directed angle in the standard position and its terminal side intersects the unit circle 
at the point B(x, y) and its measure is . then there are the following functions: 


1- secant of the angle : sec 0 = = —L where x #0 
cos 6 


2- Cosecant of the angle 0 : csc 0 =+ = eg where y #0 


3- Cotangent of the angle 0 :cot 0 => = — where y #0 
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Signs of the Trigonometric Functions 


BEE | 
The terminal side of the angle fies in the The terminal side of the angle lies in the first 
second quadrant, quadrant. 

Thus, the sine and its reciprocal function are positive Thats, all trigonometric functions of the angle 


whose terminal sde OB are positive. 


The terminal side of the angle lies in the third 
quadrant. 

Thus, the tangent and its reciprocal functions are 
positive and the other functions are negative. 


The terminal side of the angle lies in the fourth 


quadrant, 
Thas, the cosine and its reciprocal functions are 


positive and the other functions are negative. 


Summary of signs of all trigonometric ratios: 


the quadrant in | the interval in which 
which the terminal | the measure of the 
side of the angle lies angle belongs 


(1) Determine the sign of each of the following ratios: 
A 


sin 130 B un 31857 C cos 650 D sec (300 
Q Solution 
A The angle of measure 130° lies in the second quadrant sin 130° positive 


—— amo 


8 The angle of measure 315* lies in the fourth quadrant ^. tan 315* negative 

© The angle of measure 650° is equivalent to the angle of measure 650° - 360° = 290° 
he angle of measure 650° lies in the fourth quadrant cos 650 is positive. 

D The angle of measure (300 is equivalent to the angle of meusure 30 360° = 330° 


The angle of measure (- 30^) lies in the fourth quadrant z^. sec (-30" ) is positive. 
*. Try to solve 
G Determine the sign of each of the following ratios: 
A cos 210° B sin 740° C tan - 300° D sin 1230° 


2 If Z AOB is in the standard position and its terminal side intersects the unit circle at the 
point B and its measure is O. Find the basic trigonometric ratios to the angle A O B, if the 
coordinates of the point. B are as follows: 

4 (0, -1) B (Fy) C (xx) 
wherex 2^0 , v»0 


Q Solution 
A cos@=0, dn - tan 0 9 (undefined) 
B .yzl ccie) , = 
73 (urst circle) x 7i - 
(gg) 71 then youl "72 
nye ; y=-+<0 (refused) 
. mS in 0s —L = 
“cos Qe 77 , sin = 7 tan @=1 
€ (xy «(y s1 ^ 2821 nre because x > 0 
" then: cos 0 z 7% sing 77 un 6 
(3) F270 <0 = 360 ain 0 - 5 find all basic trigonometric ratios of Q 


2 Solution 
let m (^ AOB) 2 0. where @ lies in the fourth quadrant , and 
the coordinates of the point B are (x, y) 


„ein cos where cos 0 > 0 
ra 7. eos ( = 

*co021-325. =. cost 01 -12 - 
7. cos 8 = 1 - 355 “cos O= =e c 73 or cos 0 


cos = (why)  tanO=- 2 
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2 If 90^ < 0 < 180", sin 0 « find cos @, tan O where @ is an angle in the standard position 
in a unit circle. 


(4) If the angle O is drawn in the standard position and its terminal side passes through the 
point B (. 2). 
then fine all trigonometric ratios of the angle H. 


@ Solution 
i 4 3. 3 4A. 4 
sinĝ= 5 A cos 9 === z tanĝ=5= 3 
WE: 5523 235. 3 


® Find all trigonometric ratios of angle O drawn in the standard postion whose terminal side 
passes through the following points: 

4.5. 12 8 34 12 

A 3^ 13! B EE. c (13 


Trigonometric ratios of some special angles 


In the figure opposite: the unit circle intersected the two 
axes at the points 


AC. 0), A (0, 1), A CT. 0), ALO, -1). 
and @ is the measure of the directed angle A O B in the 
standard position and its terminal side OB intersects the 
unit circle at B. 
first: If 8 20 or 0' =360" at: (. 0) 
then: cos O = cos 360 . sin 0" z sin 360° z 0. 
tan O^ = tan 360° = 0 


second: If 60 = 90° = Æ at: BOO, 1) 

then: cos 90" = 0 - sin90 21 , tan = 7 (undefied) 
third: If 0^ = 180" = 2 at: B(-1, 0) 

then: cos 180 2-1. Sin 180° 20 tan 180 20 


Student book - First term 


fourth: If O° 270 = 43 wt: BOO, -1) 
then cos 270 «0 . sin 270° =-1 tan 270 = = (undefined) 


In the following figures, determine the coordinates of the point B for each figure and deduce 
the trigonometric ratios to the measures of angles: 30°, 60^, 45° 


(5) Prove without using the calculator that: sin 60° cos 30° - cos 60° sin 30° = sin? n" 


Solution 
. 2 id 1 LJ 43 1 43 . 1 
You know that sin 30 25 . cos 30 => sinó => , cos 60 =5 
$1.99 1.1 
E EE "24° 2 m 
"v Wm . : 14 
Fe Ss. 2 f 
" . 0 1 1 
R. H. S = sin? 4 = sin? 45 "(zi (2) 
From (1) ond (2) ^. the two sides are equal. 


® Try to solve 
(4) Find the value of: 3 sin 30° sin 60° — cos 0" sec 60° + sin 270' cos? 45" 
Ss — If the angle Ó is drawn in the standard position and cos 8 = >, 


sin 6 = 
Is it 24. that m( 0) = 240°? Explain your answer 


Prove that each of the following equality: 
A | - 2sin? 90° = cos B cos 2 2 = cos? 4 - sin? 4 
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First: Multiple Choice: 
1 If is an angle in the standard position and its terminal side passes through the point 
|643 | : 
(>) then sin @ equals: 
A -* c D-2 
- 2 v3 2 v3 
(2) If sin O = where @ is an acute angle, then m (Z @ ) equals 
A a B 45* c ar D o0* 
(3) If sin @ =~ 1, cos @=0, then the measure of angle @ equals 
3 
A T B * JE D 2 
(4) If csc @ = 2 where @ is the measure of an acute angle, then measure of angle 0 equals 
LL B 30 C 45 D G 
5 If cos =. sin @= YS then measure of angle @ equals 
2 (0548 5m Wa 


6 It tan @ = 1 where O is a positive acute angle, then measure of angle O equals 
A imo B ao c 45° D o 
(7) tan 45° + cot 45° - sec 60° equals 


A Zero B! c v3 D | 
zx Ja ." k 
(8) If cos = where @ is an acute angle. then sin @ equals 
A 8 -L c 2 p /3 
2 v3 vo 2 


Second: Answer the following questions: 
E Find all trigonometric functions of angle O drawn in the standard position and its terminal 


side intersects the unit circle and passes through each of the following points. 
412 45 2 43 4 3 4 
NET BUCO Cre D C$ - p) 


10 If 0 is the measure of the directed angle in the standard position and its terminal side 
intersects the unit circle at the given point, find all trigonometric function of the angle 0 
in each of the following cases : 


A (3a, - 4a) where a > 0 B (Ša, 2a) where  < 0 « 2 


—— ac 


qt Determine the sign of each of the following trigonometric function: 


A sin 240° B tan 365° C esc 410° 
D cot $E E sec - F tan 28 


12 Find the value of each of the following: 
A cos $ eos 0+ sin  « sin $ 
B tan’ 30° 2 sin’ 45° + cos? 90" 

43 Physics; When the sun rays fall on a translucent 
surface , they are reflected the same angle of incidence 
but some are refracted when they pass through this 
surface as shown in the figure opposite. 

If sin , =K sin, and K = /3, 0, = 60° find measure 
of angle G. 


14 Discover the error: The teacher asked the students to 
find the value of 2 sin 48 


2 fn 48 2 A 


42 42 42 


Which of the two answers is correct? why? 
is Critical thinking: If O is an angle drawn in the standard position where cot Ó = - | and 
csc 0 = /2. Is it possible that m(.^ 8) = * ? Explain your answer. 
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You will Learn 


oo 


You have studied before the reflection and 
you have recognized its properties. 

The figure opposite shows the directed 
angle AOB in the standard position and its 
terminal side intersects the unit circle at the 
point B(x, v) and its measure is O where ee equetem ia Ge 
0' < 0 < 90 form: 
Determine the point B’ which is the image of the point B by reflection * a = A 


+ Relation between trigarometne 
functions of anges @ wr + @ 
+ Reitin beteren tnigonometr« 
functions of anges @ er A 
+ Retumon between trigonometric 
fonctions: of anges 0, w^ t è 
* Relation bete Irigoecimete 
functions of anges 0 27 6 $9 


in the y-axis, And mention its coordinates. tuna =f 
What is the measure of < AOB" Is the angle < AOB' in the standard 
position? iors 


1- Trigonometric functions of two supplementary angles O, (180 - 0) 
In the figure opposite, B(x’, v) is the 
image of the point B(x, y) by reflection in 
the y-axis, then x' = x , y' = y thus: 

sin (180* 8) sin @ „csc (180"- 0) = c 
cos (180° - 8) z cos G. sec (180° M - sec 6 
tun (180, 0 - tan „cot (180° 8) =~ cot 8) 


For example: cos 120° = cos (180° - 60°) =- cos 60° = 


1 
2 
sin 135° 2 sin (180° -45*) = sin 45° 3 Learning tools 


* Try to solve 
1 find tan 135° , sinlI20 cos 150° t Sciante cakodator 


Noticethat; 6 (180° 6% 180 
it is said that the two angles O , 180°-@ are related angles. 


The related angles: are angles that the difference or 
the sum of their measures equals a whole number of 
right angles. 
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2- Trigonometric functions of angles of measures 0, (180° +6) 
In the figure opposite : 

Bix’, v) is the image of the point B(x, v) then 
x = - x, by reflection in the origin point then yz - y 
thus: 


esc (180* - 8) 2- csc8 


sec (180° «8) = ee g 
cot (180° = cad 


For example: 
sin 210 = sin(180"+ 30°) = -sinMY = 


cos 225° = cos (180 + 45") = cos 45" = 
tan 240° = tan(180' 60% tan 60 = 


É Try to solve 
(2) Find sin 225* , cos 210° , sec 600" , cot 225°. 
3- Trigonometric functions of angles of measures 0 , (360° - 0) 


In the figure opposite: 
B(x’, v) is the image of the point Bix, y) by reflection in the 
x-axis then S =-y: 


sin (360° -0) =-sin@ , esc(360"- 6) = cs 


cos (360 8 = cos , Sec (360 6) = seco 
tan (360 - 0) z-tanO , cot(360' 0) =- cot ð 


For example: 
sin 330° sin (360° - 30°) = sin MY = 
cos 315° = cos(360 450 cos 45 


A 


&. Try to solve 
(3) Find: sin 315° , csc 315" , tan 330° , tan 300° 


Critical thinking: How can you find the value of 
sin(-45") , cos(-60") , tan(-30") , sin 690". 
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(46) Without using the calculator, find the value of the expression : 
sin 150° cos (-300°) + cos 930° cot 240° 


sin 150" = sin (180° - 30°) = sin 30° =} 
cos (-300°) = cos (300 + 360°) = cos 60" =} 
cos 934)" = cos (930° - 2 « 360") = cos 210° 


then cos 210° cos (180° +30") cos 30" a 
" = 2 L 2 
cot 240° = cot (180 oa cot 60* am "7$ 
TAREE Se OY ih bk eee A 
the expression = 7 2*2) 7$ 
21.12-1 
e as 


& Try to solve 


C Prove that: sin 600" cos (-30") + sin 150° cos (-240°) = -1 


4- Trigonometric functions of two complementary angles 0 and (90° - 0) 
The figure opposite shows a part of a circle of centre O. 

The angle @ is drawn in the standard position to a circle of 
radius r 

from congruency of the two triangles OA B, OC B* 

we get: wey, vex 


* 


Thus , it is possible to deduce all trigonometric functions of 
angles 0 and (90"- 0) as follows: 


sin (90° -@) cos. csc(90' - 0) = sec 0 


cos (90 - 0) 2 sinO , sec(9" -O) csc 0 
tan (90 - 0) cot. cot (90° - 0) = tan O 


D If the angle @ is in the standard position, and its terminal side passes through the point 68 ' 


& ) then find the trigonometric functions: sin (90° -0) , cot (90° - 0) 
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@ Solution 
sin (90 - 0) = cos @ ^. sin (90* - 0) =$ 
cot (90° - 0) =tan 6 ^. cot (90" - 0) = 4 
® Try to solve 


45; In the previous example, find cos (90° - 0) , ese (90° - 0) 
5- trigonometric functions of angles of measures 0 and (90' +0) 
From congruency of the two triangles B O. OCB 
We get yzx , Yz-y 


thus , its is possible to deduce all trigonometric functions of 
angles G and (90° + 0) as follows: 


sin (90° +0) = cos . csc(90 O = 


cos 0 +0) =-sinð , sec(90'-0) = c 0 


tan(90* +0) 2-cotÓ , cot (0 = tan 0 


D If the angle @ is in the standard position and its terminal side passes through the point 
(4, 242) 
PE 
Find the trigonometric functions of : tan (90° + 0) , csc (90° 6) 


@ Solution 
ees zm. 2 ei $E 
tan (90° +0) = cot o tan (90* 60 m 2 
csc (90° = secO cc (907 0) 23 

& Try to solve 


ln the previous example, find: sin(90* « 0), sec (90° - 0) 
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6- Trigonometric functions of angles of measures 0 and (270° - 0) 
From congruency of the two triangles BCO , OCB 


Thus , it is possible to deduce all trigonometric functions of the two angles 0 and (270" - 0) as 
follows: 


sin (270° -0) =-cos@ , csc(270' - 0) =- sec 0 


cos (270° -0) = Sn , sec(270- 0) = - esc 0 
tan (270° -O) cot . cot(270"-@)= tun 6 


(3) If the angle @ is drawn in the standard position , its terminal side passes through the point ( 


t] s P then find the trigonometric ratios of ; cos (270° -0) , cot (270° - 0) 
@ Solution 

' cos (270° - 0) =- sin * cos (270° - 0) = = 2 

cot (270 -0) tan@ . cot (270° 0) io" 7$ 
& Try to solve 


(T) In the previous example, find tan (270° - O), cse (270° - 8) 
7- Trigonometric functions of angles of measures O and (270 +0) 
From congruency of the two triangles: B' C O, OC 


Thus, it is possible to deduce all trigonometric functions 
of angles @ and (270° - 0) as follows: 


+0) =-cos@ , csc(270 + 8) 2 - sec O 
= sin@ ,sec(270'-0) = csc0 


=-ca@ , cot (270° - 0) =- tan 0 


(4 Mf the angle 0 is in the standard position , its terminal side passes through the point 


Z ‘ 3 then find the trigonometric ratios of: sin (270° +0) , — sec(270' + 0) 


— ETE 


@ Solution /s 
ein (270° - 0) = - cos 0 ^. sin (270° + 0) =. 
ee (270 e csc O ee (270" = $ 

® Try to solve 


8 In the previous example, find cot (270° +0) . csc (270° + 0). 


General solution of trigonometric equations in the form 
[sinia) cos secio) = cse (fh, tanic) = cot()] 


2 


you have studied before that, if & and J are the measures of two complementary angles (their 
sum equals 90") then sin & = cos H. sec @ = csch, tan a = coth , hence a - B = 90 where a 
and H are two acute angles. If sin O = cosi5*then what are expected values of 0? 


1- If sin @ = cos (where . B are the measures of two complementary angles) then: 


> sina - sin 4 - f hence: = g ie a+ = 
ain q sin 7. + f) hence: &= g ie. 0 = 


Add 2/1» (where n € Z) to the angle 7. then: 


when sina = cosf then a + B = an (n € Z ), similarly: 


when csc of = secB then @ + B = 4 an (nez), x 
a . BAOn- DS 


2- If tan ꝙ 7 cotff (where &. B are the measure of two complementary angles) then: 
> tan =tan( 7. - ff) hence: d f g ie d B= A 
un q , 32 fj) hence:a 2 Æ- B ie. G B= 37 


Add 27n (where n € Z) to the two angles 4 and © then : 


when tan ꝙ = cot then & B= Zan (where n € Z), 


n 4 , Bena 
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(8) Solve the equation: sin 2 0 = cos Ó 


Q Solution 
The equation: sin 20 =cos@ 


20+0= 4.2m (neZ) from definition of equation 
(either — 20.0 - zun ie: 30=4 un 

O=% An divide both sides by 3 
(or 20-0=% 2 te.: O= 4-220 


Solution of the equation: Æ + Ean or 4 -27n 
& Try to solve 
Find the general solution of each of the following equations: 
A sin40 2 cos 20 B ein (T 0 C cos5 0 - sinO 


Discover the error; In one of the mathematical competitions, the teacher asked karim 
and Ziad to find the value of Sm $) then who of them has a correct answer? Explain 
your answer. 


karim's answer Ziad's answer 
ein (9 0 i 2 5) ein (9 0 ein I- - 6) 


= sin(-j-m.0) = -sin (> 0) 


cos 0 = - (-cos 0) cos 0 


as Meck your understanding 


Find all values of O where 0 € 0. Ay which satisfies each of the following equalities : 
A sin O cos 020 8 cse (0 - T.) = secü € 2cos( - -0) 2 1 
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Te 
= 
— — 


W 0 


First: Complete each of the following: 


1 cos (180° + @) = 2 tan ( 180° - 0) = 

(3) cse (360° - 0) = (4) sin (360° - 0) = 

(5) sin (90° + @) = (6) cot ( 90" - 0) = 

(T) sec ( 270° + 0) = (8) cos (270° - 0) = 

Second: Complete each vc with a measure of an uno 
(9) sin 25° = cos 10 cos 67° = sin 

"t tan 42" z cot : 42 esc 13° = sec 


(43) If cotan 20 = tano where 0°<@< 90" then m (.^ 6) = 


14 If sin 50 = cos 40 where @ is a positive acute angle. then @ = s 
is If sec 0 = sec (90° - 0), then cot O = 
16 If tan 20 = cot 30 where 0 € 0. ZA. then m ( 0)= — 


17 If cos @ = sin 20 where @ is a positive acute angle, then sin 30 = 
Third: Multiple choice: 


48 If tan (180° + 8) = | where O is the measure of the smallest positive angle , then measure 
of 0 equals 


A 45° B 305 C ar D 135° 


10 If cos 20 = sin where G € 0, 21 then cos 20 equals 


1 1 * 

A 77 8 2 c > D | 
20 If sin t = cos B where & and B are two acute angles, then tan (a + B) equals 

A) + B | C 3 D undefined 

/3 

21 If sin 20 = cos 40 where @ is a positive acute angle, then tan (90° 30) equals 

A | B + C | D 

J3 /3 
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22 If cos(90" + 0) = i where @ is the measure of the smallest positive angle , then measure 


of angle O equals 
A 150 B 210 Cc 240° D 330° 


Fourth: Answer the following question: 
23) Find one of the values of O where 0< @ < 90° which satisfies each of the following: 
A sin(30 + 15°) = cos (20 - 5°) 


B sec (0 + 25°) 2 esc (0 + 15°) 
© tan(0 + 20°) 2 cot (30 + 30°) 
D cos N = sin 9*4 


24 Find the value of each of the following: 


A sin 150° B csc 225° C sec300" D tan 780° 
"a 71 2m -TR 
E csc 7 F sin A H cot =~ l cos =~ 


25 If the terminal side of the angle @ drawn in the standard position intersects the unit circle 
at the point B (- S, $), then find; 
A sin( 180° +0) B cos (3-0) 


€ tan (360"- 0) D ese (J - 0) 


26 Discover the error; All the following answers are correct except one wrong. What is it: 
1- cos Ó equals 
A sin(9-270) B sin( 270-0) C cos(360"-0) D` cos( 360" 0) 


2- sin@ equals 
A cos ($ 6 B in (4 6 c cos (Š= « 0) D sin( > « 6) 


3- tan Ó equals 
A cot ( 90-0) B co(270-0) C tan(270°-@) OD tan( 180° 0) 


— as 


27 Technology: when karim uses his lab top, the angle of 
inclination of his lab top on the horizontal is 132° as 
shown in the figure opposite. 

A Draw the figure on the coordinate plane such that 
the angle of measure 132" is in the standard position, 
then find its related angle. 


B Write a trigonometric function you can use to find the value of a, then find the value 


of a the nearest centimetre. 


Games The spinner wheel is commonly spreading 
out in the amusement parks. It contains a 
number of boxes rotating in a circular arc of 
radius 12m. 

If the measure of the common angle with the 
terminal side in the standard position is S£, 

A Draw the angle of measure in the standard 
position . 


B Write a trigonometric function you can use to find the value of a, then find the value 

of a in metres to the nearest hundredth. 
28 Critical. thinking. 

A if angle 0 is drawn in the standard position where cot 0 = -1 and esc 0 = 42 . Is it 

possible that m (<0) = 3? Explain your answer. 
* v3 8 1 EE 

B. If cos ( - 0) = -5 and sin (> + 0) = 5 . find the measure of the smallest positive 

angle 0. 
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= You will Learn 


* Gogh fhe ure function , and 


Ultrasound depend on high F deduce in properties. 


frequencies, differ in wave length, A b » Giaph the couno function, and 


as used in medical photography Vea SOP amiar ity properties. 


and submarines use it as a radar Wave length 
works in the depths of the ocean. N 
When these waves are represented — J 
Graphically to know the properties of the sine function and cosine 
function, work in group with your classmate the following: 


Graphical representation of the sine function 


T 2 


1 Complete the following table: 
Dr 


sin 0 0 05 | | | — 

2 Draw the curve by connecting its all points. 

3 Construct another table uses the additive inverse of the given 
values in the previous table. 

4 Determine all points which you have got on the coordinates 
lattice. 

5 Complete drawing the curve by connecting all its points. 


6 Are you notice the existence of maximum or minimum values to 
this curve? explain your answer. 


Student book - First term 


nn Properties of the sine function 


In the function f where AO) = sin O then: 
* The domain of the sine function is |- % , and its range |- 1, 1] 


* The sine function is periodic with period 277 i.e. it is possible to shift the curve in the 
interval [0.277 | to the right or to the left 271 unit, 4T unit, 677 unit, ... and so on. 


* The maximum value of the sine function equals | and takes place at the points 
0z =? 2nT nez 


* The imum value of the sine function equals - | and takes place at the points 
m 2 n nez 


Graphical representation of the cosine function 


1 Complete the following table with your classmate: 


Draw E curve " connecting all its points. 
Construct another table uses the additive inverse of the given values in the previous table. 
Determine all points which you have got on the coordinates lattice. 


ao 2 WN 


Complete drawing the curve by connecting all its points. 


uE Properties of the cosine function 


In the function f where A0) = cos @ then: 
* The domain of the cosine function is f , and its range is. 1] 


* The cosine function is periodic with period 2%, it is possible to shift the curve in the 
interval 0. 277] to the right or to the left 277 unit, 4T unit. G unit , ... and so on. 
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* The maximum value of the cosine function equals | and takes place at the points 
0 = n nez 


* The minimum value of the sine function equals - | and takes place at the points 
zz tna nez 


a Physica; It is possible to the ships entering the port, if the level of water is high as a result 
of the movement of the ebb and tide , where the depth of water is at least 10 metres. The 
movement of ebb and tide in that day is given by the relation, S = 6 sin(15 n)” + 10 where 
n is the time elapsed after the mid-night in hours according to (24 hours system). How 
many times did the depth of water completely reach 10 metres in the port. Draw a graph 
representation to show how the depth of water vary with the movement of ebb and tide 
during the day. 

@ solution 

The relation between the time (n) in hours and the depth of water (s) in metres 

from the relation: S = 6 sin (15 n)” + 10 

whenn=0 S = 6 sin (185 0 10 =6sin0-10 = PAK 

E» 


when n= $z-6sin(1$ *6)* 10 z6sin90' « 10 =16 | "T7 
when n = 12$ 265sin(15 * 12) 10 =6 sin 180° + IOs 10 E EN, 
when n= 18 S=6 sin (15 x 18 + 10 =6sin 270° + 1024 | — 
when n = 24 S = 6 sin (15 = 24) + 10 = 6 sin 360' + 102 10 


D S MD E A DR G S a 


Posun the table we qui —— —— 10 metres 
when n = 10, 12, 24 hours 


X Try to solve 
D In the previous example , How many hours during the day at which the ship can able to 
enter the port? 


7] Check your understanding 


D Draw the graph of the function y 2 sin where x € 0. 27] 
2 Draw the graph of the function y= 2cosx where x € [0, 27 


— ass 


Gg eee 0 


First: complete each of the following: 

(1) The range of the function f where f(O) = sin@ is 

(2) The range of the function f where fl) =2 sin@ is 

(3) The maximum value of the function f where f(O) = Ain is 


(4) The minimum value of the function f where f(0) = 3cosÓ is 


Second:writetheruleforeachtrigonometricfunctionbesidethecorresponding 
figure to it. 


Figure (1) the rule is: Figure (2) the rule is: 


Third: Answer the following questions: 
(5) Find the maximum and minimum values, then calculate the range of each o the following 
functions : 


A y-sinÜ 
B y=3cosO 


c y= 2 sinÜ 


0 


Use the graph calculator or program on your computer to graph each of the functions 
y = 4 cos and y = 3 sin, then find from the graph: 
A The range of the function. B The maximum and minimum values of 
the function. 
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You will Learn 


2 


You have known that , if y = sin @ , then it is possible to find the value 
of y given the angle 0, and when the value of y is given then, is it 
possible to find the value of 0 ? 


ify=sin@ then = sin 
For example if O is a positive acute angle and y= 5 
then this relation can be written in the form @ = sin '4 z30 


— — 


(1) Find m ( 0) where 0* < @ < 360° which satisfies each of the 
following: 
A sin 0 2 0,6325 B cot s (- 1.6204) 


eo Solution 


A Sine of the function > 0 
he angle lies in the first or in the second quadrant , 


Use the calculator: 
Start C92 C223 C42 C32 C29 WD (3. 6S 


The first quadrant: m. 0) = 39* 14' 6" 
The Second quadrant: m( < 0) = 180° — 39° 14 6 2140" 45 54" | ine tools 
B - The co-tangent of the angle < 0 


+ Ferdi the memure of an angle 
given. a trigonomet function. 


+ Trigonometri Function 


the angle lies in the second or in the fourth quadrant: 
Use the calculator: 


. . SOG C3 C9) C4) G9 (9) (99 


The second quadrant: m 0) = 180° — 31° 40 48" = 148° 19 12” 
The fourth quadrant: m( ) = 360° — 31° 40 48' = 328" 19 12 


* Schentiic cakwathor 


Is it possible to check the answer using the calculator 
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== 
ba 
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S Try to solve 


G Find m 80) where 0° < 0 < 360° which satisfies each of the following: 
A cos 0 = 0.6205 B tan 0 = ( 2.3615) C csc O=(- 2.1036) 


2] Check your understanding 


(1) Sports: there is a skiing game in the theme parks, if the height 


of one of these games is 10 metres and its length is 16 metres as 


VINA i)i 


in the figure opposite . write a trigonometric function you can 
use to find the value of the angle @ , then find the value of the. 


angle in degree to the nearest thousandth, 


(2) Cars; Karim descends by his car down a ramp of length 65m and its height is 8 metres. 


If the ramp makes an angle O with the horizontal. find m 8) in degree measure. 


: 5 


metres was broken due to wind such that as in 
the figure opposite, if the length of the vertical $ 
part equals 7 metres, and the inclined part of 
length 13 metres and is the angle which the 
inclined part makes with the horizontal, find 


measure of 0, 


=. XALO) = 32° 34' 44" 


(4) Critical thinking: the figure opposite represent a line 


segment joining between the two points A(3, 0), 


B (7, 3), find the measure of the angle @ including 


between AB and the x axis , 
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First : Multiple choice: 
(1) If sin 0 = 0.4325 where @ is a positive acute angle, then m ( O equals 

A 25.626" B 64347 C 32388 D 46.316" 
(2) If tan O = 1.8 and 90° < O < 360", then m (. 0) equals 

4 60,945" B 119.055" C 240,945" D 299,055" 


Second : Answer the following questions: 
(1) If the terminal side of angle @ in the standard position intersects the unit circle at point 
B, then find cach of sin @ and cos @ in the following cases: 


1 L 6 8 
272 Uz 73 C B(- 3. 39) 


(2) If the terminal side of angle 0 in the standard position intersects the unit circle at point B 
then find each of sec 0 and csc @ in the following cases: 


A Bite, LET B BT C Bi- 


ale 


3 If the terminal side of angle @ in the standard position intersects the unit circle at point 
B, then find euch of tan O and cot O in the following cases:: 


Bt-l..-. A. B B3... —5.. 04.4 
‘Fro’ 70 ‘ja Ja’ ss) 


(4) If the terminal side of angle O in the standard position intersects the unit circle at point B, 
then find m 8) where 0" < O < 360° when: 
60 9 Bw, 
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(5) Use the degree measure to find the smallest positive angle which satisfies each of the 


following: 
A in 0.6 B cos 0.436 C tan! 1.4552 
D sec ' (- 22364) E cot 3.6218 F csc'(-1.6004) 


(6) If. € @ € 360", then find the measure of angle @ in each of the following: 
A sin ! (0.2356) B cos (- 0.642) C tan ! (- 2.1456) 


(7) If sin8 = 3 and 90° = 0 € 180. 
A Calculate the measure of angle to the nearest second 


B Find the value of cos @ , tand and secÓ , 


(8) Ladder; ^ ladder of length 5 metres rests on a wall , if the | 
ELI 
height of the ladder from the ground is 3 metres. Find in 4 
radian the measure of the angle of inclination of the ladder to | 


the horizontal. 


(9) Find the degree measure of angle O in each of the following figures: 
B | B c 
* i : Tom | : 9 om 
Som 


General Exercises 


| For more exercises, please visit the website of Ministry of Education. 
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nit summary 


ted a is an ordered pair of two wo rays ( OA. OB) is called t the sides with à 
common n starting point called the vertex. OA is the initial side and OB is the terminal 
side of the angle : 


E ò A 
postive measure | negative measure 
an anticlockwise a clockwise 
^ 


e standard pesities: of an angle in the rectangular coordinate system, its vertex is the 
origin point, and its initial side is the positive part of the x -axis . 


tguivelent sagies: arc the angles of measures in the form (0 - n x 360") where n € Z have the 
same terminal side. 


Badian angle: is the central angle in the circle whose measure is 1™ subtends an arc of 
— equals the - of the radius of the circle. 


: If we have an angle of degree measure 


equals ) x Wap its radian "inris euals 0 then: 
0" = x* : 190" ° x" n0". 


iare: If O™ is the central angle in the circle of radius length r subtends an arc 
of length f then / 20 . 


The quadrantal angle: is the angle in the standard position, its terminal side lies on one of 
the two axes x or y. 


The unit cirete: is a circle drawn in the coordinates plane, its centre is the origin point and 
its radius equals one unit of length. 


270° < 0 < 360° 
trigonometric sin 6. csc @ are tan 0. cot @ are cos O, sec 0 


functions are positive positive and the positive and the positive and the 


other functions are other functions are other functions 
negative. negative. are negative. 
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Unit summary 


11 The trigonometric function of angles of measures: 
first: (180° - 0) 


second: (180° « g) 


sin (180° - 8) =sin@, csc (180° - 0) csc 8 
cos (180° - 6) cos 8, sec (180° - 8) 


= Sind , esc( 180" G c 


cos@ , sec( I80 0) -sec 
tan (180° - 8) cot . cot (180° - 8) = "s tun , cot(180' - 0) cut 


third: (360° - 9) 


sin ð csc (360° = csc 
cos 0 ,sec(360' - 0) = seco 
-tan 0 , cot (360 - 0) = -cot 8 


fourth: (90° - 0) fifth: (90° - 0) 


sin (90°- 0) cos, csc (90° sin (90° = c , cse (90 - 0) z sec Ó 


cos (90° - 0) = in, sec(90 -0) 2 «sc 8 
0) 2c , cor(90' = tan (90° «8) = c , cot(90° = 


(907-0) 2sinO , sec (90° 


sixth: (270 - 8) 
sin (270° -8) 2-c058 , csc(270* 
cos Q7U' - 6) =-sin@ , Sec - 


seventh: (270 6 
sin (270° + 8) =-cos@ , osc (220 - 8) = - sec 8 
cos (270° 8) =sinð , sec (220 c 


'-8) zcotÓ , (NT = un tan (270° -8) 2-cot8. , cot (270° - 8) 2 tun 6 


the domain is Er ‚œ| , 
is -I. 1] 


The maximum valuc equals | atx = . an x ne Z equals] atx2*2nz,neZ 


— — — 


the range | i the domain is |-- , =| , the 
range is |-1, 1] 


13 If the terminal side of the angle O drawn in the standard position intersects the unit circle at 
the point B(x, y) then x cs 


, y=sin @ and are known the trigonometric functions. 
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GeneralTests 
Test 1 (Algebra and trigonometry) 


Question 1 : Choose the correct answer a, b, c or d. 
1 it Land M are the two roots of the equation x? - 7x + 3 2 0, then L? + M? 
a 7 b 3 c 58 d 79 
(2) If sin 0 — l. and cos Ó = zero, then O equals 
a Z b * c M d N 
(3) The quadratic equation whose roots are: 2 - 3i, 2 + 3i is 
„ „ AK 3 0 b S AKK 1380. € x'«dx 1380. d x & 1380 


O If one of the two roots of the equation: x? - (m + 2) x + 3 = 0 is an additive inverse of the 
other root, then m equals 


a 3 b 2 c 2 d 3 
Question 2 : Complete 
1 The function f : where f(x) =- (x - 1) (x + 2) is positive in the interval 
(2) The angle whose measure is 930 is located at the quadrant 
(3) If cos = i and sin = - t then 0 equals 


(4) The quadratic equation whose two roots are twice the two roots of the equation 
2 -8x«5z0is 


Question 3 


a Put the number EE in the form of a complex number where i? = - I. 
b if A n A 320, find m (^A) where A | 0, A 


Question 4 
a I(f:R —*R where fix) 2 - i5 + 8x- 145 
first: Graph the function curve in the interval |1, 7| 
second: Determine the sign of the function. 


b ifx=3+2iandy= P 2 then find x + y in the form of a complex number. 


Question 5 
a Find the solution set of the inequality x? + 3x - 4€ 0 


b If tan B= 2 where 180° < B < 270°, then find the value of: 
cos (360° — B) cos (90° — B) 
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GeneralTests 


Test 2 (Algebra and trigonometry) 
Question 1 : Complete: 

(1) The simplest form of the imaginary number i* = 

(2) If the two roots of the equation x^ — 6x + L = O are real and equal, then L = 

(3) If 0° < 0 < 90* and sin2 0 = cos 3 8 , then m (.^ 0) 

(4) The range of function f where f(0) = sin 0 is 


Question 2 : Choose the correct answer a, b, c or d. 


(1) The equation: x(x - 1) (x * D) =Oisa degree equation: 
8 first b second € third d fourth 
(2) If the two roots of the equation x? + 3x — m = 0 are real different, then m equals: 
a | b 2 c 3 d 4 
3 If the sum of measures of the angles of a regular polygon equals 180 (» — 2) where ^ is the 
number of sides, then the measure of the angle of a regular octagon by the radian measure 
equals: 
a n 3m 2 
(4) If 2cos0 5 /3 anda « 0 « SF men mi 0) equals 
1 6m 4a 7a 
a 9T eu 9 


Question 3: 
A Find the value of k which makes one root of the two roots of the equation: 
4kx? + 7x +k? +4=0is a multiplicative inverse of the other root. 
B If sin = sin 750 cos 300° + sin(- 60") cot 120° where 0° < 0 < 360", Find mi“ 0). 


Question 4: 

A First: Find the two values of a, b which satisfy the equation: 12 + 3 ai = 4b - 27i 
Second: Find the solution set of the inequality: x (x + 1) -2& 0inR 

B A central angle of measure 6 inscribed in a circle of a radius length 18 em and subtends 
an arc of length 26 em, find 0 in degree measure. 


Question 5 : 

A If the sum S of the consecutive integers (1 + 2 « 3+... + n), where n is the number of integers 
is given by the relation s z 7 (1 +n), how many consecuti ve integers starting from number 
| to be summed 210 are there? 

B if sin x => where 90° < x < 180°. Find sin (180° — x) + tan (360° — x) + 2 sin (270° - x). 
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GeneralTests 
Test 3 (Geometry) 


Question 1: Complete 
(1) The two polygons that are similar to a third are A 
2 ln the figure opposite: D 

First: (AB) = AD x and (CB) =CAx 

Second: DA x DC = Cc 9 


Third: AB x BC = * 


Question 2: choose the correct answer a, b, c or d 

(1) Two similar rectangles, the length of the first is 5 cm. the ratio between the perimeter of 
the first to the perimeter of the second equals 
A 1:5 B 1:3 B i: 


t2 
o 
"3 


2 Which two triangles of the following are similar? 


[> Dy A- A 


Go (2) Un 


A (D.(4) B . C (D.(3) D (3) (4) 


(3. If the ratio between the perimeters of two similar triangles is 1:4, then the ratio between 


their two surface areas equals 


A 1:2 B 1:4 C 1:8 D 1:16 
(4) In the figure opposite: All mathematical expressions are correct except one expression: 
A (AB =AC «AD B (AB)! = AE AF B 
C A CAD = AE «AF D AC «CD =AE x EF D ^ 
É 
E 
Question 3: ÀA 


A la the figure opposite: ^ ADE ~ ^ ABC prove that: DE // BC 
If: AD = 4 cm, DB = 2 cm, EC = 1.5 em, BC = 5 cm. Find the E 


length of AE and DE 85 
C T 


B ABC isa triangle. D e BC where BD = 5cm, DC =3 cm and E € AC here AEN cm, 
CE = 4cm. Prove that ^ DEC ~ A ABC, then find the ratio between their two surface 


areas 
— IN 
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Question 4: 

A In the figure opposite: mic ^ ADE) = mi. C) 
ADz4cm, AE = Sem. DE =6cm and EC = em 
Find the length of: DB and BC 


B CBN FE={A} 
AB = 3 cm, BC = 2 cm, AF = 7.5 cm 
Find the length of EF 


Question 5: 
A AD is a median in the triangle ABC, ADB is bisected by a bisector to cut AB at E, 
ABC is bisected by a bisector to cut AC at F and EF is drawn. Prove that EF // BC 


B in the figure opposite: 
AB EF ,AE=8 cm, CE = 12cm, CF em. 
BM=4cm and DM=6cm 
First: find the length of BF 
Second: prove that : FM // CD 


Test 4 (Geometry) 
Question 1: complete 
1. Any two regular polygons that have the same number of sides are " 
2 ln the figure opposite: If ^ ADE ~ A ACB E 2 
then m( ^ ADE) = mí. ) 


3) If the two straight lines including the two chords BE. XY 
intersect at point N, then; ND. NE = 


4) In the figure opposite: If AC = em and CE = em then AB = 


Question 2 : Choose the correct answer a, b, c or d. 
1. Which two polygons of the following are similar“ 


Som 
> 8 
131 (21 (o 


(4) 


A Polygons (1) (2) B Polygons (1) , (3) 
C Polygons (3) , (4) D Polygons (2) , (4) 


Mathematics — First form secondary 


GeneralTests 


( 2 If the ratio between the surface areas of two similar polygons is 16:25, then the ratio 
between the lengths of the two corresponding sides in the two polygons equals 
A 2:5 B 4:5 C 16:25 D 16:41 


3 In the figure opposite: All the following mathematical expressions are correct except : 
Note | 7 08 "UE A D o 
- 02-5 * 

a In the figure opposite : length of MZ equals : 
A 36cm B 4cm — C 42cm OD 48cm 2 d 


Question 3: L z 


A In the figure opposite: ^ ABC ~ ^ AED 
Prove that BCED is a cycilic quadrilateral If AD = 3cm, BD = 


2cm, and AE = 2.5 cm. Find the length of EC. 


B ABCD isa cyclic quadrilateral whose two diagonals intersected 


at E. EF // CBis drawn to intersect AB at F EM // CD. CD is 
drawn to intersect AD at M Prove that. FM // BD . 
Question 4: 
A in the figure opposite: m BAC) = 90", AD = BC,AB = 4.5 em. ns: r 
and AC = 6 cm. Find the length of BD , DG and AD 
B ABCD is acyclic quadrilateral in which BC = 27cm, AB = I2cm, AD = 8em, DC = 12cm 
and AC = 18 em. Prove that ABAC ~ A ADC and find the ratio between their two surface 
areas 
Question 5: 2 
A In the figure opposite: AB is a tangent to a circle , C is a midpoint on ^ 
AD and AB «3 Z find the length of AC D 
8 ABC is a triangle in which AB =8 cm, AC = 12cm, BC = Is em. AD bisects “ A and 
intersects BC at D, DE // BA is drawn to intersect AC at E. 
Find the length of BD. CE 
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